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Tém tat. Cho mot dai s6 Lie Heisenberg tuy 4 thi ideal dan zuat cia né la 1-chiéu
va dai s6 Lie kim cuong thuc 4-chiéu thi ideal dan xudat cé doi chiéu la 1. Tuy nhién,
tat ca cic quij dao doi phu hdp ciia moi nhém Lie Heisenberg cing nhu dai so Lie
kim cuong thiue 4-chiéu déu la cac quij dao 0 chiéu hodc chiéu cuc dai. Dua theo tinh
chat nay, ching toi dua ra mot phan loai day di cac M D-dai s6 c6 ideal dan zuadt
1-chiéu hodc doi chiéu bing 1.

1 MéG dau

Mot nhém Lie thye giai duge hitu han chiéu dude goi 1a M D-nhém néu cac quy dao
déi phu hop ctia n6 0-chiéu hoac chiéu cyc dai. Dai s6 Lie ctia M D-nhém duge goi
14 M D-dai s6 va 16p tat ca cac M D-dai s6 duce goi 1a M D-16p. Mt dut sy phan
loai tong quat cac dai sé Lie gidi dugc c6 s6 chiéu nhé da duge biét, cu thé:

e Niam 1995, D. Arnal, M. Cahen va J. Ludwig da liet ké tat ci cac dai s6 Lie
giai duge sao cho cac qui dao ddi phu hgp cia nhém Lie lién thong tuong ting
v6i chiing 1a 0-chiéu ho#ic 2-chiéu. Nhung ho khong phan loai ching dén déng
cau (xem [1]).

e Nam 1999, L. Yu, Galistki and D. A. Tinasshev da phan loai day du tat ca
cac dai s6 Lie metan Aben 9-chiéu (xem [2]).

e Niam 2007, R. Campoamor-Stursberg dua ra phan loai day du cic dai s6 Lie
9-chiéu véi phan tich Levi khong tam thuong (xem [3]).

e Niam 2007, I. Kath da phan loai 16p cic dai s6 Lie toan phuong lity linh khong
qua 10-chiéu (xem [4]).

e Nam 2012, M. T. Duong, G. Pinczon, va R. Ushirobia dwa ra phan loai cac
dai s6 Lie toan phuong ki di (xem [5]).

Nhung bai toan phan loai day du cac dai s6 Lie (thuc hogc phiic) gidi duge van con
1 bai toan ma. Dé tham gia vao bai toan phan loai cac dai s6 Lie gidi duge, ching
toi da nghién cttu mot 16p con dic biét clia cac dai s6 Lie thuc gidi duge c6 ideal
dan xuat 1-chiéu ho#ic ddi chiéu bang 1. Trong bai bio cdo nay, theo tinh chat clia
dai s6 Lie Heisenberg va dai s6 Lie kim cuong thic, ching toi dua ra mot phan loai
day dt cac M D-dai s6 c6 ideal dan xuét 1-chiéu hoac déi chieéu bang 1.
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2 NoOi dung nghién ciu

2.1 Phan loai day da ctia MD(*,1)-16p

Dinh li 2.1. M D(x,1) Iép trung vdi I6p tat ca cic dai s6 Lie thuc gidi duge ma
ideal dan xudt thit nhat cia ching la 1-chiéu, tuy nhién M D(x,1) chi bao gom dai
s6 Lie cia nhém cic phép bién doi aphin trén duong thang thuc, cic dai sé Lie
Heisenberg thiuc va md rong truc tiép cia ching bdi dai so Lie giao hodn thic. Noi
cach khac, Cho G la mot dai s6 Lie thuc gidi duge n-chieu (n > 3) vdi ideal dan
zudt Gt =[G, G| I-chieu (2 < n € N). Thi G la mot MD(n,1)-dai s6, va ddng cdu
vdi mot va chi mot trong cdc dai so6 Lie sau:

1. Dai s6 Lie af f(R) ciia nhom Aff(R) ciia tat cd cdac phép bién doi aphin trén
R.

2. R"2@affR,3 <n.
3. Dai s6 Lie Heisenberg homi1; 3 < 2m+ 1 =n.
4. Boms1 @R 3 <2m 41 < n.

R6 rang, tit dinh 1i 2.1 ching toi ¢6 thé dua ra mot dac trung méi ciia dai s6 Lie
Heisenberg, va dugc phat bieu trong hé qua sau.

Heé qua 2.2. Néu G la mot dai so Lie thuc n-chiéu (n > 3). Thi cic dieu kién sau
la tuong duong.

1. G bat kha phan va cé ideal dan zudt thi nhat G' =[G, G] = R.
2. G la MD(n,1)-dai s6 bat khd phan.
3. G la dai so Lie Heisenberg n-chiéu (n 1é).

Trong phan nay, ching t6i luon cho G 1a dai s6 Lie thyc giai duge n chiéu (n > 3)
v6i ideal dan xuat G! = [G, G] 1-chiéu. Khong mat tinh tong quat, chiing toi chon
mot co sd sao cho G = (X1, Xo, ..., X,,), G = (X,,).

Ki hieu [X;, X,)] = a;X,,; [Xi, X;] = ai; X, (a;, a;5 14 cac s6 thue ); 4,5 = 1,2, ...,n—1.
C6 hai truong hgp dé xét cho cac gia tri cla a;:

e Truong hop 1. Ton taii € {1,2,....,n — 1} : [X;, X,,] = a; X, # 0, ttic 14, a; # 0.
e Trudng hop 2. [X;, X, =a;X,, =0,Vi=1,2,...n— 1.
Dé chiing minh dinh Ii nay ching ta can mot s6 bo dé sau:

B6 dé 2.3. Néu ton taii € {1,2,...n — 1} : [X;, X,)] = a; X,y # 0, tiic la, a; # 0 th
G la MD(n,1)-dai s6 dang ciu vdi R"2 @ Lie(Af fR), trong dé Lie(Af fR) la dai
s6 Lie ctia nhém Af fR tren R (Lie(AffR) la dai so Lie khong giao hodn 2-chiéu).

Chitng minh. Giéa st [X,—1, Xy] = an_1Xn; an—1 # 0.
DatY, = X; — -2 X, 1 i=1,2..n—2Y, =

Ap—1 An—1

X, 1 vaY, = X,: Khi d6

223



HOI NGHI NCKH KHOA SP TOAN-TIN THANG 05/2015

[V;, Y, =0,Vi=1,2,...n—2va [V,_1,Y,] = Y,. Do d6, khong mat tinh tong quat
ta c6 thé gid st [X;, X,] =0,Vi=1,2,....,n — 2 v [X,,_1, X,,] = X,,. Ta c6

[[Xi, X;], Xoa] 4+ [ X1, Xa], X] + [[X, X ], Xi] = 0
=a;;[Xn, Xno1] =0
=a;; Xn, =0
=X, X;] =a; X, =0, Vi,j=1,2,..n—2.

Ki higu [X;, X,, 1] = ;X,;i = 1,2,...,n — 2. Bing cach thay ddi co sé nhu trén, ta
6V =X, +b:Xpi=12..n—2Y, 1 =X, vaY, =X, Khide, [V;,V, 1] =
0;4=1,2,..,n — 2. Vithé, ta c6 thé gia st [X;, X,,_1] =0;i =1,2,...,n —2

Do d6, G dang cau véi dai sé Lie sau:

(X1, Xo, o, X)), [Xo1, Xi] = X,

(cac moc Lie khéac tam thuong).
Dé thay G kha phan: G @ R" 2@ Lie(Af fR) va K-quy dao cia G hodc 1a 0 chiéu
hoiic 1a 2 chieu. Vay, G 1a M D(n, 1)-dai sb. O

Ngugce lai, néu [X;, X,,] = 0,Vi = 1,2,....,n — 1 thi dai s6 Lie G dugc xac dinh
duy nhat béi ma tran vuong thuc phan xing A = (aj;)n-1,%,7 = 1,2,...,n — 1, A
duge goi 1a ma tran ciu tric ctia G. Vi G' = (X,,), nén A khong tam thuong va
rankA chan.

Bo6 dé 2.4. Néu [X;, X,)| = a;X,, = 0,Vi = 1,2,....,n — 1 va A la mot ma tran ciu
tric cia G tht G la mot M D(n,1)-dai so va so chiéu cuc dai clia cic K-quj dao la
hang cia ma tran A.

Chitng minh. Gia st G* = R"™ 1a khong gian doi ngau ctia G véi co s6 dbi ngau
(X5, X5, X} vaF =a X +aX;+ ... +a, X = (ay,aq,...,a,) 12 phan t tuy
¥ ctia G*. Ma tran Kirilov cua F' la:

[ a1y Coe a1n—1 O_

. S . . A0
p-11 - - - Gp1p-1 O
0 ... 0 0]

Rank(Kr) € {0, 2k}, v6i 2k =rankA. Dac biét
e rank(Kp) = 0 khi va chi khi a,, =0 (hay F = (a1, a9, ...,a,-1,0).
e rank(Kr) =rank(A) = 2k > 0 khi va chi khi a,, # 0.

Do d6, G 1a M D(n,1)-dai s6 va s6 chiéu cuc dai ciia cac K-quy dao l1a hang clia ma
tran A. ]

Bay gio, chung t6i xét G kha phan trong trucng 2:

B6 dé 2.5. Gid st [X;, X, = a; X, = 0,¥i = 1,2,....,n — 1 thi G khd phan néu va
chi néu dim(Z(G)) > 1.
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Ching minh. Vi [X;, X,] = ¢, X, = 0,Vi = 1,2,..,n — 1 nén X,, € Z(G) va
dimZ(G) > 0.

Gid st G = A® B v6i A, B 1a mot dai s6 Lie con khong tam thuong cia G. Dit
X, =X, + X, v6i X, e A, X, e B LayYegGY=Y,+Y,v6iY, € AY, € B.
Khi dé? 0= [XTH Y] = [Xaa Ya] + [ch }/b] + [Xb; Ya] + [Xba YE)] = [Xm Y:1] + [Xba Yl-)] (Vi
[Xo, Ys] = [Xp, Yo] = 0) suy ra, [X,,Y,] = [X, Y] = 0. Do d6, X,, X, € Z(G).

o Néu X, #0 # X; thi X,, X, doc lap va dimZ(G) > 1.

e Néu X, hodc X, bang 0. Khong mét tinh tong quat, gid st X, = 0, thi
X,=XyeB. Lay X € A, X #0, taco [X, Z] =0,VZ € B. Néi cach khac ta
O,

(X, T]€e ANG' =GN (X,) CANB=0=[X,T] =0,VT € A.
Suy ra X € Z(G). Vi X, X,, doc lap nén dimZ(G) > 1.

Ngugc lai, gia sit dimZ(G) > 1, thi ton tai X € Z(G) sao cho X, X,, doc 1ap. Ching
ta c6 thé bd sung thém cac phan ti 14, s, ..., Th_o dé duge mot co sé ciia G. Dé
thay, G = (X) & (X,,,T1, Ty, ..., T,,_1). Suy ra, G kha phan. O

Chu y. Tam ctia dai s6 Lie Heisenberg 1 1-chiéu, Z (b, 1) = (Z). Do d6, hon i1 12
bat kha phan. Tam ctia dai s6 Lie G trong truong hgp 11a Z(G) = (X1, X, ..., X, _a).
Do d6, G 1a kha phan néu (n > 3).

Mbéi M D-dai s6 G trong truong hgp 2 duge xac dinh duy nhat béi ma tran cau tric
A phan xitng bac n— 1. Chiing ta xét A, B dang cau dai s6 Lie xem dtng hay khong.

B6 dé 2.6. Cho A = (aij)n—1, B = (bij)n—1 la cdc ma tran vuong phan zing bac
n—1wvaGa,Gp la MD(n,1)-dai s6 dugc zdc dinh bdi cdic ma tran A, B tuong ing.
Thi

(Ga=Gp) & (Ac e R\ {0},3C € GL(n — 1,R) sao cho cA = C'BC).

Ching minh. Gia st f : G4 — Gp la mot déng cau. Vi f(GY) = Gg, c6 s6 thuc
¢ # 0 sao cho f(X,) = cX,. Ma tran M cta f trong co s6 (X1, Xo, ..., X,,) 1a

C11 e Cln—1 0
C 0
M = = {
*x C
Cp—-11 - - - Cp—1n-1 0
| Cn1 e Cnn—1 C_

v6i C' = (¢ij)n—1 1& ma tran vuong bac n — 1, va * 1a vécto (cu1, Cpa, -y Crn—1). BO
Vi, f la dédng cau, M la kha nghich va C ciing vay. Do d6, anh xa tuyén tinh f la
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dang cau Lie néu va chi néu

F(XG, Xyla) = [f(Xa), f(X5)]B Vi, ]

n—1 n—1
<:>f(ann) = [ ijXk + Cm'Xn, Z Clel + anXn]B \V/Z,j
k=1 =1
n—1 n—1

<:>CCLZ']'X” = Z C;j - Clj[Xk; XZ]B Vi, j

k=1
n—1
=Cai; = Z Cki-bkl-clj VZ,j
k=1
&cA = C'BCO

Nguge lai, Néu ton tai s6 thuc ¢ # 0 va ma tran C' kha nghich C' = (¢;;),-1 sao cho
cA=C'BC. Gia st f : G4 — Gp la anh xa tuyén tinh, dudc xac dinh trong co sé
(X1, Xo, ..., X;,) bdi ma tran

C11 e Cl,nfl O
C 0
r_ _
M= - {0 c] '
Ch—11 - - - Cp—1n—1 0
| 0 Coe 0 ¢

Vi C kha nghich va ¢ # 0, nén f la ddng cau tuyén tinh. Hon nita, dé& dang kiém
tra dugc f l1a dong cau Lie. Do dé, f 1a ding cau Lie. O

Chu y. Mot ma tran vuong thie phan xing khac khong c6 thé duge chuyen dén
dang mau. Dac biét, néu A 1a mot ma tran nhu trén thi ton tai ma tran tryc giao

thue C sao cho
C'AC = diag(A1, Ay, ..., Ay, 0, ..., 0)

Véi A; = [_OA AOJ'
J

Vi du Cho dai s6 Heisenberg

} - khi d6 £i)q, ..., i), tap tat ca cac gia tri rieng boi clia A.

Bome1 = (X3, Y, Z i =1,2,...m); [ X;, Y] =Z,i=1,2,...m

0 1

c6 ma tran cau trac H = diag(I,1,...,I) gom n khdi I = [_1 0

]. Ma tran H chi

c6 2 vecto riéng la +¢ boi m, H khong c6 gia tri riéng 1a 0.

2.2 Diéu kién can va da dé cac MD(*,*-1)-dai sb xac dinh

Dinh 1i 2.7. Cho G la mot dai so Lie thuc gidi duge n-chieu (n > 3) vdi ideal dan
zudat G =[G, G| c6 doi chiéu bing 1.

1. Néu G* giao hodn thi G la M D(n,n — 1)-dai so bat khd phan.

2. Neun >4 va G la MD(n,n — 1)-dai s6 thi ideal dan zuat G' la giao hodn.
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Cha y 2.8. Khin < 4, khing dinh 2 la khong ding. Cu thé, néu n < 4, tat cd cdc
dai s6 Lie n-chiéu la M D-dai so, ching duogc liét ké dé dang. Néu n = 4 thi ideal
dan zuat cia dai s6 Lie kim cuong thuc 4-chiéu la dai s6 Lie Heisenberg 3-chiéu
khong giao hodn va cé doi chiéu bang 1.

Dé chitng minh dinh li, chiing t6i can mot s6 bo deé.

Bo6 dé 2.9. Néu G la mot M D-dai s6 n-chieu (n > 3) vdi ideal dan vuat G' = R
thy dimQp € {0,2},VF € G*.

Chimg minh. Khong mat tinh tong quat, gia st G2 C (X3, Xy, ..., X,,), G = (X5, X3, Xy, ...

g = <X1,X2,X3,X4, 7Xn> va CLXm = (aij)n_l S End(gl)
V6i F = X} € G*, ma tran cia dang song tuyén tinh Bp la

0 —Qa12 —a13 ... —Qin
12 0 0 0
Bp=laz 0 0 .. O
A1n 0 0 0

Dé thay rankBr € {0,2}. Vi G 1a M D-dai s6, nén dimQp = rankBr € {0,2},VF €
g*. O
Bo6 dé 2.10. Néu G la mot dai s Lie thuc gidi dugc n-chiéu (n > 3) vdi ideal
dan zudat G' = R™'. Khong mdt tinh tong qudt, ching ta gid st ring G> =
(Xps1s oo, Xp), G = (X, .., X)) va G = (X1, Xy, ..., X,.). Thi ma tran A la khd

nghich
cih ... CfQ

A:
c2 ... Ck

Chitng minh. V1 G =[G, G], nén ton tai cic s6 thuc aqz, a1z, .., Q1n, 23, ooy A2py oy U1
sao cho

n

Xo= Y ay[Xi, X]]

1<i<y

= D XL, X+ D ay[Xn X+ ) aylXi, X
J=2 j=k+1 2<i<j

= Y ay[X1, X)) + £(G°)
=2

Véi f(G?) 14 t6 hgp tuyén tinh clia cac vécto trong cd s6 ciia G2. Khi d6 Y, € RF!
sao cho

1
0

AtY'Qt _
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Tuong ti, ton tai Y3, Yy, ..., Y, € RF! sao cho

- -
1 0
0
AYE= ||, A =
. 0
_0_ _1_.

Vi thé, ¢6 ma tran thyc P sao cho A'P = I, I 1a ma tran don vi cia M;_(R). Vay,
A! 13 ma tran kha nghich. O

Dinh 1i 2.11. Cho G la mét khong gian vécto thic n-chiéu (n > 3) sinh bdi co sd
(X1, Xo, ..., X)) sao cho G' la khong gian con cia G c¢6 doi chieu bang 1 vdi co s&
(Xl, XQ, ceey anl) tha:

1. Mbéi ma tran vuong thuc khd nghich A bac n — 1 zdc dinh mot va chi mot cau
tric Lie tréen G sao cho G la mot M D(n,n — 1)-dai so vdi ideal dan zuat cia
G la giao hodn, bang G', va A la ma tragn ciua dnh za phu hgp ady, trén G
doi vdi co s (X1, Xo, .oy Xn_1).

2. Hai ma tran thuc khd nghich A, B bic n — 1 zdc dinh hai cau tric Lie dcfng
cau trén G khi va chi khi ton tai so thuc ¢ khdc khong va mot ma tran vuong
thue khd nghich C' sao cho cA = CBC™!.
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