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Tém tit. Trong bai viét nay, chung toi su dung phwong phap ham loi dé chimg
minh mot sé bdi todn bat dang thirc. Sau dé, bang cdch s dung cdc ham 16

f(x)=—Inx va f(x)=x" déxdy dung mét s6 bai todn bat ding thirc.

1. Giéi thiéu

Hing nam bai toan vé bat dang thitc (BPT) déu dugc dua vao dé thi dai hoc va
duoc xem la mot trong nhiing cau hoi kho nhat dé phan loai thi sinh. Hién nay,
nhiéu phuong phap ching minh BDT da duogc gioi thiéu nhu phuong phap chuan
hoa, phuong phap don bién, phuong phap tiép tuyén,... Trong bai ndy, ching toi
trinh bay phuong phap sir dung ham 16i de gidi cac bai toan BDT. Ngoai ra, chiing
t61 cling xay dung mot s6 16p bai toan vé ching minh bat dang thirc trén co s& cac
bat dang thic di c¢6 va giai chung bang phuong phap ham 16i.

2. Li thuyét ham 10i ‘ ‘

Trong phan nay, chung t6i gidi thi¢u mot so kién thire co ban vé ham 16i. Trudc
tién, chiing t61 gioi thi€u khai niém vé ham 161.
DPinh nghia 2.1. Gia su | 1a m¢t khoang trong R. Ham s6 f: 1 — R duogc goi la loi
trén khoang I néu véi moix;x, € l,véimoica €[0;1] ta co:

flax, +(1-a)x,) <af (x)+(1—a)f(x,).
Sau ddy, chung t6i s& trinh bay mot sb tinh chit cia hém‘léi:
Pinh li 2.2. Gid sir f c6 dao ham trén 1. Khi do f la ham [6i trén I khi va chi khi
f'tang trén 1.
Hé qua 2.3. Gid sit f c6 dao ham dén cap hai. Khi @6 f la ham 16i khi va chi khi
f">0vVxel.
Dinh Iy 2.4. Gid sit f la mdt ham lién tuc trén khodng I thod man diéu kién

f[x+yj£f(x)+f(y)

voimoix,yel .
2 2

Khi dé, floitrén I.
Sau day chung t61 s€ gidi thi€u mot s6 ham 161 quen thudc.
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l.y:x“(x>0;a<0hoaflca>1);

2.y:—lnx(x>0);

3.y=1n(1+ex);

4.y=xInx(Vx>0).

Dinh Ii 2.5. (Bit ding thirc Jensen) Gid sir X,,X,,....,.x, €I va

&,.0ty....., €| 0;1] sa0 cho @, +a, +...+ @, = 1. Khi d6 néu fx) I6i trén I thi
f(alxl+a2x2+....+anxn)Salf(xl)+a2f(x2)+...+anf(xn).

H¢ qua 2.6. Gia su x,...,.x_€l va m,m,,...m >0.Dat m=m +m,+...+m va

f{ mx, +..+mx jg mlf(x1)+...+mnf(xn).

ml+m2+...+m m+m,+...+m
n 1 2 n

3. Ap dung

Hién nay, cac bai toan bat dang thirc trong mot s6 dé thi dai hoc co thé gidi bang
phuong phap ham 16i. Sau day chung t61 s€ sir dung phuong phap ham 16i dé chimg
minh cac bat dang thirc trong cac dé thi tuyén sinh dai hoc nim 2005, kh01 A,B. Sau
d6, trén co s& 101 giai cta cac bai toan nay, ching t6i xdy dung mét s6 16p bai toan
bat dang thirc co thé giai duoc bang phuong phap ham 16i.
3.1. Xay dung 16p bai toan bét ding thirc thong qua ham 16i f(x) =—In(x) Véi
x>0
Vi du 1: Ching minh rang véi moi x R , ta cd

12 + 5 + 20 >3"+4" 4+ 5%
5 4 3
(DH B-2005)

Chirng minh. Xét f(x) =—Inx. Khi d6 f(x) 1a ham 16i trén (0;4<0). Ta co:
+ lna +1 ——
_ln(al 2a2j£_w:_ln alaz- (1)

Chon q, =[%J 7} =(§j . Khi d¢, ta co

SEGIN GiD;
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(12}"{15)"
Dods 2 4, (Ej [Ej Suy ra (Ej {Ej >2.3". @)
4 5 4

2 5

Tuong tu, ta co 12 + 20 >2.4"% 15 + 20 >2.5% (3)
5 3 4 3

T (2) va (3), ta dugc diéu phai chirng minh. O

Vi du 2: Ching minh rang

a +a,+..+a o
Zﬂnfal.az...an véimoia,,a,,.,a 20.

n

Chwng minh.

« Néu min{al,az,.,an} =0 thi a.a,..a =0. Do do bét dang thue trén 1 dung.

» Xét truong hop con lai: min{a,,a,..,a,} > 0. Pat f(x)=—Inx vdi x >0. Khi d6
f(x) 1a ham 16i v6i x>0. Ta co

a +a,+..a Ina +lna2+...+lna
—In| ———2 |<— 3 n =—1n4"/a1a2...an.

n n
Do do
a+a,+..+a
Zflalaz...a Yaa,..a >0. m]
n 172 n
n
aZ 2 CZ
Vi du 3: Chiing minh rang ;+—+—2a+b+c véi moi a,b,c > 0.
c a

2

Ching minh. Trong (1), tathay a, = %; a,=b(a,b>0), ta duoc

2 2
Dods L +b>2. /% b =2a (4)
b \ b

b <
Tuong tu ta c6: - +c¢22b(b,c>0); . +a22c(a,c>0). (5)
. . az 2 cz
Tu (4)Va (5),suyra ?+?+;2a+b+cVa,b,c>0. O
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3 3 3

, , . N a C L. .
Vi du 4: Ching minh raing — +—+—2>a+b+c,v6imoia,b,c > 0.
bc ca ab

(Canada MO 2002)
Chirng minh: Xét f(x)=—Inx.Khido f(x) la ham 16i trén khoang (O; +oo). Ta

co:
+a, + Ina, +1na, +1
—ln[%Jg_nal n3a2 na3:—ln13/ala2a3. (6)
3
613 i+b+c a3
Chon a, =—;a, =b;a, =c. Ta c6: —In be < 3% pe.
bc ; 3 bc
a3
Suyra:—+b+c > 3a. 7
yraio - (7)
b’ c’
Tuong ty tac6 —+a+c=>3b;—+a+b=>3c. (8)
ac ab
3 3 3
Ttr(7)vé (8),suyra a—+b—+c—2a+b+c. ) O

bc ac ab
Bang cach sir dung tinh chat ctia ham 161 f(x) = —In(x)va chon bién sd thich
hop, ta c6 thé chimg minh mét sd bat dang thirc sau theo cach tuong tu

3 3 3
a b ¢ .. )
1.E+—2+—2Za+b+c,vdlm(_)1a,b,c>0
¢ a
3 3 3 2 2 2
a b ¢ _a b .. )
2. —+—5+—52—+—+—,v6imoia,b,c >0
b° ¢ a b ¢ a
a b .. )
3. —+—+—2>ab+bc+ca,v6imoia,b,c >0
b ¢ a
5 5 5
a b c .. )
4—3+7+72a2+b2+cz,vo’1m(_)1a,b,c>0
ca

3.2. Xy dung 16p bai toan bét ding thirc thong qua ham 15i
f(x)=x" (x >0;a <0hoaca > 1).

Vi du 5: Cho x,y,z 13 cac s6 duong thoa min 1 + 1 + 1 =4 . Chimg minh rang
X y z
1 1 1
+ + <I.

2Xx+y+z x+2y+z x+y+2z
(DH A-2005)

Chiing minh. Xét f(x)= 1 Kknids f/(x) 16i trén khoang (0;+c). Ta c6:
X
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f(%}gi(zf(“l)”(“z)*f(“s))'

Thay (al;azz;az3 )lﬁn ludt bing ba bd sO (x;y;z);(y;x;z);(z;x;y), ta dudgc ba BDT
1 12 1 1 1 1({1 2 1
— < —| =+t ——— < —| —+—+—|;
2x+y+z 16\x y z) x+2y+z 16\x y z

1 1(1 1 2
— < | =+ —+=
x+y+2z 16{x y z
Cong theo vé cac bat dang thuc trén, ta dugc

1 1 1 1(4 4 4
+ + S—|—+—+—|=1. i
2x+y+z x+2y+z x+y+2z 16

Vi du 6: Ching minh rang:

! < ! 5 2+é+E (Véimoi a,b,c>0;x,y,z>0).
ax+by+cz (a+b+c) X y z

Chirng minh. Xét f(x) = 1 . Khi do f(x) 16i trén khoang (O;+oo). Ta co:
X

f(ax+by+CZJ< 1 (af(x)+bf(y)+cf<z))‘

a+b+c ) a+b+c

1 (
Suyra——| —+—+—
a+b+c\x y z

. 1 1 a b c
Dodé < i
ax+by+cz <a+b+c) X y z

Nhan xét 7: Trong Vi du 6, cho a =b=c =1 .Ta dugc bat dang thiic sau
1 1 1
—+—+—2L(x,y,z>0).
X y z x+y+z

a b c S a+b+c
T ax+by+cz

Nhin xét 8: Ngoai ra, bt dang thirc tong quat hon v6i n bién sé duong a;a,;....;a

cling dugc ching minh hoan toan tuong tu
11 1 n’

—+—t.+—2>

a a, a a1+a2+...+an

Vi du 9: Cho a,b,c>0 thoa man diéu kién a’c+b*a+c*b=abc. Chirng minh ré“mg

b c a 9
S= > +— +— >—.
a+ab b +bc ¢ +ca 2
. a b
Ching minh. Tu gia thiét,taco: l=—+—+—=>a+b+c;Va,b,c > 0.
c a
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9
X+y+2z

Str dung nhan xét 7, ta co :l+—+12 (x,y,z> 0).
Xy z

2 2 2
r A v y X a C
Sau do, ta thay (x;y;z) lan lugt bang cac so [; +a,—+b,—+ cj , ta duoc

c a
azl +b21 +Czl 2 az bz C_29 2 az iz C2 :%'
ta —+b —dc |+ |+(atbrc) 2l 4
b c a b ¢ a b ¢ a

Mat khac S = 2b + ZC + 2a = 21 + 21 + 21

a+ab b +bc c +ac a b c
—+a —+b —+c
o c a
Do do, bat dang thic dugc ching minh. ‘ O
Vidu 10: Cho a,b,c > 0. Ching minh rang
ab bc ca a+b+c
+ + <
a+3b+2c b+3c+2a c+3a+2b 6
(Tap chi THTT)
Chirng minh. St dung Nhéan xét 7, ta co :l +l + l > (x,y,z > O).
X y zZ x+y+z
Thay (X;y;z) 1an luot bang ba bd sd
(a+c;b+c;2b);(a+b;a+c;20);(b+c;a+b;2a),taduc_rc:
1 1 LZ 9 : 1 1 +i2 9 :
a+c b+c 2b a+3b+2c a+b a+c 2¢c 2a+b+3c
1 1 1 9
+ +—2>

b+c a+b 2a 3a+2b+c
Do do, ta co:

ab 1 1 1 ab bc 1 1 1 bc
= + t— |2 — + +t— |2 ;
9\a+c b+c 2b a+3b+2c 9\la+b a+c 2c 2a+b+3c

ac 1 1 1 ac
— + +— |
O\b+c a+b 2a 3a+2b+c
Cong theo vé cac bat dang thuc trén, ta duoc

ab bc ac 1{ bc+ca ca+ab ab+bc a+b+c
+ + <— + + +
a+3b+2c 2a+b+3¢ 3a+2b+c 9\ a+b b+c a+c 2
1{a+b+c a+b+c
=— +a+b+c|= . o
9 2 6
Vidu 11: Cho a,b,c 2 0. Chirng minh réng:
ab bc ac a+b+c
+ + < .
a+b+2c b+c+2a a+c+2b 4
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Chirng minh. Ap dyng Nhan xét 8 vdi n=2, ta cé: 1 + 1 > (x,y > O).
X y X+y
Thay (x;y) lan luot b@ing ba bo sb (a+c;b+c);(a+b;a+c);(b+c;a+b); ta duoc:
1 1 4 ab 1 1 (lb
S = >
a+c b+c 2c+a-+b 4\a+c b+c) 2c+a+b
! + ! > 4 . Suyra @ ! ! > be
a+b a+c 2a+b+c 4\a+b a+c 2a+b+c
1 1 > 4 ac| 1 1 ac
b+c a+b 2b+a+c e 2
4\ b+c a+b 2b+a+c
Cong theo vé cac bat dang thie trén, ta dugc
ab N bc N ac <l bc +ca ca+ab+ab+bc _a+b+c
2c+a+b 2a+b+c 2b+a+c 4\ a+b b+c a+c 4 '

4. Két luan va kién nghi
Trong bai viét nay, chung toi str dung hai ham 16i f(x)=-Inx va f(x)=x“
(x>0, a<0hoic a>1) dé xay dung va chirng minh mot s6 bai toan bat déng
thirc. Bang cach tuong tu véi cac ham 161 f(x) =xInx(x >0)va f(x) =In(1+¢e"),
chung ta c6 thé xay dung mot sd bai toan bat dang thirc khic. Pay 1a van dé ching
toi s€ nghién ctru trong tuong lai.
TAI LIEU THAM KHAO
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