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Tém tat. Trong bai viét nay, ching toi thiét lap va ching minh dinh i diém bat
dong vdi diéu kien A-suy rong trong khong gian kiéu-métric bang viéc thém sdu gid
tri D(x, Ty), D(y, Tx), D(T?*x,x), D(T?x, Tx), D(T?x,y), D(T?*x, Ty) vao dicu kién
co. Dong thoi, ching toi zdy dung vi du minh hoa cho két qud dat duoc.

1 MéG dau

V6i nhiéu dinh Ii diém bat dong trong khong gian métric, chiing ta thay ring diéu
kién co thuong chita t6i da nam gia trila d(x,y),d(Tz, x), d(Ty,y), d(y, Tx), d(z, Ty).
Nam 2014, trong tai lidu [9], P. Kumam va cong sy da bd sung thém bén gia tri méi
d(T?z,x),d(T?*x, Tx),d(T*x,y),d(T?*x, Ty) vao diéu kién co va chiing minh dinh 1
diém bat dong dbi véi cac biéu thitc chita gia tri nay.

Nam 2008, Akram va cong st [10] da gidi thicu dicu kien A-co va tong hgp nhiéu
diéu kién co ddi véi anh xa T : X — X x4c dinh trén khong gian métric (X, d).
Nam 2010, Khamsi [5] da gisi thiéu khai niem khong gian kiéu-métric va thiét lap
mot s6 dinh 1f diém bat dong trong khong gian nay. Khong gian kicu-métric sau do6
da dude mot s tac gid quan tam nghién citu.

Bang cach tuong t, ching toi dat van dé mé rong nhitng két qua trong bai bao
[10] déi v6i khong gian kiéu-métric bing viée them séu gia tri sau vao diéu kién A-co

D(2,Ty), Dy, Tx), D(T%, ), D(T%, Tx), D(I*z, ), D(I*z, Ty).

1.1 Pinh nghia ([5], Dinh nghia 2.7). Cho X la mot tap khac rong, K > 1 va
D : X x X — [0,00) la mot ham théa méan cac diéu kién sau véi moi
Ty21yeeey2n, Y € X,

1. D(z,y) = 0 khi va chi khi z = y.
2. D(z,y) = D(y,x).
3. D(z,y) < K[D(a:, 21)+ D(z1,29) + ... + D(zn,y)}.

Khi dé, D dugc goi 1a mot kiéu-meétric trén X va (X, D, K) dude goi 1a mot khong
gian kiéu-métric.

1.2 Dinh nghia ([5], Dinh 1i 2.8). Cho (X, D, K) la mot khong gian kiéu-métric
va {z,} 1a mot day trong X. Khi d6

1. Day {x,} dugc goi la hoi tu dén z € X, viét 1a lim z,, = x, néu lim D(z,,z) = 0.

n—oo n—oo

Khi dé, = duge goi 1a diém gidi han cta day {x,}.

2. Day {z,} dugc goi 1a mot day Cauchy néu lim D(x,,z,,) = 0.

7,1 —+00
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3. Khong gian (X, D, K) dugc goi la day di néu mdi day Cauchy 1a mot day
hoi tu.

1.3 Ménh dé ([3], Ménh dé 1.1.7). Cho (X, D, K) la mot khong gian kiéu-métric.
Néu day {x,} hoi tu thi gidi han ciia né la duy nhat.
Tiép theo 14 dinh nghia A-co trong khong gian métric.

1.4 Dinh nghia ([5], Dinh nghia 1). Cho (X,d) la mot khong gian métric va
T : X — X lamot anh xa. Khi d6 T dudc goi 1a A-co néu ton tai o € A sao
cho v6i moi z,y € X,

d(Tz,Ty) < a(d(z,y),d(z, Tz),d(y, Ty)). (1.1)

O day, A la ho cac ham o : R} — R, thoa man
1. « lién tuc.

2. Ton tai k € [0,1) sao cho néu a < a(a,b,b) hodc a < a(b,a,b) hodc a <
a(b,b,a) thi o < kb.

1.5 Nhan xét. Trong khong gian ki¢u-métric (X, D, K), topo dugdc hiéu la topo

cam sinh béi st hoi tu ctia né. Dicu nay cé nghia la tap G mé trong khong gian kiéu-

métric (X, D, K) khi va chi khi v6i méi z € G, moi day {z,} C X ma lim z, =z
n—oo

thi ton tai ng sao cho z,, € G v6i moi n > ng. Khi d6 ki¢u-métric D : X x X — [0, 00)
la lien tuc tai (z,y) néu va chi néu lim D(x,,y,) = (x,y) véi moi day {x,}, {yn}
n—o0

ma lim z, =z vd lim y, = y. Suy ranéu lim z, = z thi lim D(z,,y,) = D(z,y).
n—o0 n—o00 n—oo n—00

2 Két qua chinh

Chiing t6i dua ra dinh nghia A-co suy rong nhu sau.

2.1 Dinh nghia. Cho (X, D, K) la mot khong gian kicu-métricva T : X — X
13 4nh xa. Khi d6 T dugdc goi 1a A-co suy rong néu ton tai 3 € B sao cho v6i moi
z,y € X,

D(Tz,Ty) < B(D(x,y), D(x, Tx), D(y, Ty), D(z, Ty), D(y, T),
D(Tz, ), D(T?, Tx), D(T?z,y), D(T?z, Ty)).
0 day, B 1a ho cac ham 5 : RY — R, théa méan
1. S lién tuc.

2. V6i moi x,y,z € Ry,
a) Néu z < (0,0, z,2,0,0,0,0,2) hodc z < 3(z,0,0,z,2,0,0,2,x) thi z = 0.
b) Ton tai K € [0,1) dé néu z < K(z+y) vay < B(z, 2,9, 2,0, z,y,y,0) hodic
y < B(x,y,x,2,0,z2,y,y,0) hoac y < By, z,x, 2,0, z,y,y,0) thi y < Kzx.

Chiing toi dua ra mdi quan hé giita A-co vd A-co suy rong nhit sau.

2.2 Nhan xét ([2], Nhan xét 3.1). 1. Néu a € A va v6i moi zy, To, T3, T4, Ts,
Te, T7,Tg, L9 € RJr? B(‘Ilax%x37x47x57x6ax77$87x9) = Oé(x1,$2,$3) thi 5 € B
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2. Néup € Bvaa(z,y,z) = 8(z,y,2,0,0,0,0,0,0) véimoi z,y, 2 € R, thia € A.

2.3 Dinh li. Gid st (X, D, K) la mot khong gian kiéu-métric day di sao cho D
lien tuc val" : X — X la mot anh xa A-co suy rong. Khi do T co diém bat
dong duy nhat trong X va day {T"xzo} hoi tu vé dieém bat dong vdi moi xg € X.

Chiing minh. V6i g € X, dat x,, = T"x¢ v6i moi n = 1,2,3,... Khi do, =, =
T2y = Tx,. Vi T la mot A-co suy rong nén ton tai 8 € B sao cho véi moi
r,y € X,

D(Tx,Ty) < B(D(x,y), D(x,Tx), D(y, Ty), D(z, Ty), D(y, Tx),
D(T?x,x), D(T?z, Tx), D(T?x,y), D(T?x, Ty)). (2.1)

Thay x = z,_1 va y = x, trong (2.1), ta ¢

D(zy,xpv1) = D(Txp_1,Txy,)
< ( (Tn_1,2p), D(xy_1, Ty 1), D(xn, Txy), D(2y_1, Txy),
(T, Tp—1), D(T?x 1, 0 1), D(T?20 1, T 1), D(T?70_1, 20),

(T?2_1,Tx,))
(D(xn 1,Zn), D(xn_1,20), D(xp, Tni1), D(@n_1, Tni1),
(Tn, ¥n), D(Tni1, Tn1), D(Tng1; Tn)s D(Tni1; Tn), D(Tng1; Tnga))
= (D Tn1,Tpn), D(Tpn_1,2,), D(xn, Tni1), D(Tpn_1, Tns1),

0, D(ps1, Tno1), D(Tpi1,xn), D(Tpi1, ), 0). (2.2)

@Q

Il
% O = O

VigeBva D, 1,tn11) < K[D(Tn_1,2n) + D(Zp, Tny1)] nén tx (2.2) ta co
D(xy, pi1) < AD(xy1, ).
T do6 suy ra
D(2p, Tpy1) < AD(2p_1,70) < N D(2y 9,20 1) < ... < N"D(30, 7).
Do d6 v6i moi A € [0,1), ta co
D(zy, Tpy1) < A"D(xo, 21). (2.3)

Gia sit n < m, theo Dinh nghia 1.1.(3) ta c6

D(xmv CUn) S K[D(ZL’n, xn—&—l) + D(In—&—la Jjn—i—?) + -+ D(wm—la CUm)]
< K[)\HD((L’Q, .Tl) + )\n—HD(Z'O, l’l) + -+ )\m_lD($0, ZL’I)]
= KD(xg,z1) (A" + A" 4o 4 X

Cho m,n — oo trong (2.4), ta c¢6

lim D(x,,x,) =0. (2.5)

n,Mm—00
Vay {z,} 1a mot day Cauchy trong X. Vi X day di nén ton tai 2/ € X sao cho

lim x, = a'. (2.6)

n—o0
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Mit khéc, khi thay x = 2’/ va y = x,, trong (2.1), v6i moi n = 1,2,3, ..., ta ¢6

D(Tx ,xp11) = D(Tx Tmn)

IN
™
5 O
w

f

D(zp, Txy,), D(2',T2"), D(z,,T2"), D(2', Tx,),

D(T Ty, mn) D(T?z,,Tx,), D(T*z,,x"), D(T?x,, Tx"))

D(zp, Tzy,), D(2',T2"), D(x,,T2"), D(z', Tx,),
D(T Ty, xn) D(T*x,,Tw,), D(T?x,,z'), D(T*x,, Tx"))

= B(D(zn,2"), D(xp, 2py1), D(@', T2'), D(x, T2'), D(&', 231,
D(@ny2, %n), D(Tny2, Tng1), D(Tni2,2"), D(Tnie, Ta')). (2.7)

I
™
—
5 O
w

§

Cho n — oo trong (2.7), sit dung tinh lién tuc ctia 3, tinh lién tuc ctia kiéu-métric
D va (2.5), ta co6

D(T«',2") < B(D(,a"),D(',2"),D(z',Ta'), D(2/, T2'), D(a', 2'),
D(2',2"), D(«', "), D(2', 2"), D(2', T'2"))
= $(0,0,D(z',T2"), D(2', T'),0,0,0,0, D(z', Tz")).

Vi B € Bnén D(T2',2') = 0 hay Ta' = 2" Vay 2’ la diém bat dong ctia T.

Tiép theo ta ching minh tinh duy nhat diéem bat dong cia T.

Gia stt 2’ va 2" la hai diém bat dong ctia 7. Khi d6 thay ¢ = 2/ va y = 2"
trong (2.1), ta c6

D(z',2") = D(Ta, Tw”)
< B(D(a (', Ta"), D(z", Tx"), D(«', Tx"), D(z", Tx"),
D(T? x’, ) (TQx’ Tz'), D(T?*y', "), D(T?x', Tx"))
/

I
™

(D(z',2"), D(2’,2"), D(z", "), D(a', 2"), D(z", z'),
D(x'x) ( '), D(',2"), D(2', "))
(D(2',2"),0,0, D(',2"), D(z",2"),0,0, D(z',2"), D(2', 2")).

=

Vi 8 € Bnén D(2/,2") = 0 hay 2’ = 2”. Vay T ¢6 duy nhat diém bat dong.
Cudi cung, tir cong thitc (2.5) ta c6 lim T"x¢ = 2. O

2.4 Dinh li. Gid st (X, D, K) la khong gian ki€u-métric day di vdi D lién tuc va
day danh va T, : X — X sao cho ton tai B € B va vdi moi x,y € X,

D(Tiz, Tjy) < B((D(z,y),D(z, Tiz), D(y, Tyy), D(z, Tjy), D(y, Tiz),
D(E—l—lﬂxa l’), D(ﬂ+1ﬂxv EJ?), D(ﬂ-ﬁ-lﬂx’ y)7
D(Ti1 Ty, Thy)). (2.8)

Khi dé day {T,}>", c6 mot diém bat dong chung duy nhat trong X.

2.5 Dinh li. Gia st (X, D, K) la mot khong gian kiéu-métric day di véi D lién tuc
S: X — XwvaT: X — X la hai dnh xq, ton tai B € Bva vdi moi x,y € X,

D(Tz,Sy) < B(D(x,y),D(x,Tx), D(y,Sy), D(z, Sy), D(y, Tx),
D(STz,z), D(STz,Tx), D(STx,y), D(STz,Sy)).  (2.9)

Khi d6 S va T ¢6 duy nhat mot diém bat dong chung duy nhat trong X.
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2.6 He qua. Gid su (X,d) la khong gian métric day di va T : X — X la mot
dnh za, ton tai B € B va vdi moi x,y € X,

d(Tz, Ty) < B(d(z,y),d(z,Tx),d(y, Ty),d(z, Ty), d(y, Tx),
d(TQ:c,x),d(sz,T:z:),d(T z,y), (T2x Ty))

Khi d6 T c6 duy nhat mot diém bat dong va day {T"x} hoi tu vé diém bat dong vdi
mot g € X.

2.7 Hé qua. Gid si (X,d) la khong gian métric day di, day dnh za T, : X — X
va ton tai f € B, vdi moi x,y € X,

d(Tix, Tyy) < B((d(x,y),d(z, Tix),d(y, Tyy), d(z, Tyy), d(y, Tix),
d(ﬂ+1ﬂl’, ':E)v d(ﬂ—i—lnxa T’lx)7 d(T‘i—HT‘ixa y)’ d(ﬂﬂ-lﬂx; T‘]y)) .

Khi dé {T,,}°°, c6 mot diém bat dong chung duy nhat trong X.

2.8 Hé qua. Cho (X,d) la mot khong gian métric day di, S : X — X wa
T : X — X la hai dnh zq, ton tai B € B va vdi moi x,y € X,

d(Tz,Sy) < B(d(z,y),d(x,Tx),d(y, Sy), d(z,Sy),d(y, Tx),
d(STz,x),d(STx,Tx),d(STx,y),d(STx, Sy))

Khi dé S va T ¢é diém bat dong chung duy nhdt.

2.9 Hé qua ([10], Dinh 1i 5). Cho T la mot A-co trong khong gian métric day di
X. Khi d6 T c6 duy nhat mot diém bat dong trong X va day {T"xo} hoi tu vé diém
bat dong vdi moi xy € X.

2.10 Hé qua ([10], Dinh 1i 6). Cho (X, d) la mot khong gian métric day di va day
anh za T, : X — X, ton tai o € A va vdi moi x,y € X,

d(Tiz, Tyy) < a(d(z,y), d(Tz,©), d(Tjy, y))-
Khi dé {T,,}>7, c¢6 mot diém bat dong chung duy nhat trong X.
Sau day chung toi sé dua ra mot vi du cho Hé qua 2.6
2.11 Vi du. Cho X ={-2,-1,0,1,2} va d dugc xac dinh

Onéuz =y
d(l’, y) = 2 néu(x, y) € {(_27 1)7 (_27 2)7 (_17 2)7 (27 _2)}
1 trong truong hgp con lai

khi d6 (X, d) 1a khong gian métric day du.
Cho T : X — X nhu sau

T(-2)=T(-1)=T0=—2,T1=—1,T2=0.

Ta co
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d(Tz,Ty) = d(—2,—2) =0 néu z,y € {—2,—1,0}.
d(T(~2),T1) = d(—2, —1) = 1,d(~2,1) = 2.

d(T(-2),T2) = d(-2,0) =1,d(-2,2) = 2.

d(T(-1),T1) =d(-2,-1) = 1,d(T(-1),1) = d(-2,1) = 2.
d(T(-1),72) =d(-2,0) =1,d(—1,2) = 2.

d(T0,T1) = d(~2, —1) = 1,d(T°0,1) = d(—2,1) = 2.
d(T0,T2) = d(T(~2),0) = 1,d(T%0,2) = 2.

d(T1,T2) = d(—1,0) = 1,d(T?1,2) = d(—1,2) = 2.

Tinh todn & trén cho thay diéu kien ¢ He qua 2.9 khong ding véi o = 1,y = 2
nhung ding véi diéu kien 6 Dinh 1f 2.6 v6i K = 2.
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