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Toém tat. Trong bai viét nay, ching toi gidi thiéu mot dang md rong mdi cia
Dinh i diém bat dong Cirié trong khong gian kiéu-métric. Dong thoi, ching toi suy
ra mot sé hé qud tw dinh i nay. Cdc két qud nay la su md rong cia cdc dinh li diém
bat dong Cirié trong bai bdo [5]. Ngoai ra, ching toi xay dung vi du minh hoa cho
két qud dat duoc.

1 MéG dau

Nam 2010, M. A. Khamsi [4] da gidi thiéu khai niém khong gian kiéu-métric va
thiét lap mot s6 dinh i diém bat dong trong khong gian nay. Huéng nghien ctiu nay
da duge mot sb tac gid quan tam nghién citu. N. T. Hieu va V. T. L. Hang [6] d&
thiét lap dinh Ii diem bat dong kép cho anh xa co trong khong gian kiéu-métric; N.
T. A. Nguyét [8] nghién cttu dinh 1i diém bat dong cho hai anh xa théa man diéu
kien (B) suy rong trong khong gian kiéu-métric; N. C. Tam [12] nghién citu dinh i
diém bat dong cho dang co yéu suy rong trong khong gian ki¢u-métric.

Gan day, P. Kumam va cong sy [5] da thiét 1lap mot dang mé rong méi cho Dinh
If Ciri¢ trong khong gian métric. Ki thuat nay c6 thé duge ap dung dé md rong
nhiéu dinh li diém bat dong khac nhau, trong nhiing khong gian métric suy rong
khac nhau. Béng cach tuong t, chiing toi dit van dé md rong cac két qua trong [5]
sang khong gian kiéu-métric.

1.1 Dinh nghia ([4], Definition 2.7). Cho X la mot tap khéc rong, K > 1 va
D:X x X — [0,00) la mot ham s6 théa man cac diéu kién sau v6i moi
Ty 21y 2,y € X

1. D(z,y) = 0 khi va chi khi z = y.
2. D(z,y) = D(y,x).
3. D(z,y) < K[D(a:, 21) + D(z1,20) + ...+ D(zn,y)}.

Khi dé, D dugc goi 1a mot kiu-meétric trén X va (X, D, K) dude goi 1a mot khong
gian kiéu-métric.

Mot s6 khai niém va tinh chat lien quan duge diing trong bai viét.
1.2 Dinh nghia ([4], Definition 2.8). Cho (X, D, K) 1a mot khong gian kiéu-métric
va {z,} 1a mot day trong X. Khi d6

1. Day {z,} dugc goi la hoi ty dén z € X, viét 1a lim x, = x, néu lim D(x,,z) =

n—oo n—oo

0. Khi d6, = dugc goi la diém gidi han cia day {x,}.

2. Day {x,} dugc goi 1a mot day Cauchy néu lim D(z,,z,,) = 0.

n,M—00

3. Khong gian (X, D, K) dugc goi 1a day di néu mdi day Cauchy 1a mot day
hoi tu.
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1.3 Ménh dé ([1], Ménh dé 1.1.7). Cho (X, D, K) la mot khong gian kiéu-métric.
Néu day {x,} hoi tu thy gidi han ciia né la duy nhat.

1.4 Nhan xét ([1], Nhan xét 1.1.5). Trong khong gian kidu-métric (X, D, K), topo
dugce hiéu 1a topo cam sinh béi sy hoi tu clia né. Diéu nay cé nghia la tap G mé trong
khong gian kiéu-métric (X, D, K) khi va chi khi v6i mdi x € G, moi day {z,} C X
ma lim x, = x thi tdn tai ng sao cho z,, € G véi moi n > ny. Khi dé kiéu-métric
n—oo
D: X x X — [0,00) la lien tuc tai (x,y) néu va chi néu lim D(z,,y,) = D(x,y)
n—oo
v6i moi day {z,}, {y»} ma lim z, = z va lim y, = y. Do d6 néu lim x, = z thi
n—oo n—oo

n—o0
lim D(x,,y) = D(z,y).

n—oo

1.5 Dinh nghia ([2]). Cho (X,d) la mot khong gian métric va 7' : X — X la
mot anh xa. V6i moi x € X, n € N, dit Or(x,n) = {z,Tx,...,T"z}, Or(x,+00) =
{z,Tz,...,T"z,..}. Khi d6, X dugc goi la T-quy dao day dt néu méi day Cauchy
trong Or(z, +00) 1a mot day hoi tu.

Trong bai viét nay, ching toi gidi thieu mot dang md rong cac két qua trong [5]
sang khong gian kiéu-meétric. Dong thai, chiing t6i xay dung vi du minh hoa cho két
qué thu dugc.

2 Keét qua chinh
Trude hét, ching toi gisi thieu khai niem T-quy dao day du trong khong gian
kic¢u-meétric.

2.1 Dinh nghia. Cho (X, D, K) la mot khong gian kiéu-métricva T : X — X la
mot anh xa. Vi moi x € X, n € N, dat Or(x,n) = {z,Tx,...,T"z}, Or(x,+00) =
{z,Tz,..,T"x,..}. Khi d6, X dugc goi la T-quy dao day di néu méi day Cauchy
trong Or(x,+00) la mot day hoi tu.

2.2 Nhan xét. Cho (X, D, K) la mot khong gian kiéu-métric va 7 : X — X 1a
mot anh xa. Néu khong gian (X, D, K) 1a day da thi X 1a T-quy dao day du.

S 2 P ].
Bang céch thay khong gian métric béi khong gian kieu-métric va [0; 1) béi [O; E)
trong ([5], Theorem 3.1), ching toi thu duge két qua sau.

2.3 Dinh li. Cho (X, D, K) la mot khong gian kiéu-métric va dnh za T: X — X
thoa man

1. D lien tuc.
2. X la T-quy dao day di.
R 1
3. Ton tai q € [O; E> sao cho vdi moi x,y € X,
D(Tz,Ty) < gqmax{D(z,y), D(x,Tx), D(y,Ty), D(x, Ty), D(y, Tx), D(T*x, z),
D(T%z,Tx), D(T?z,y), D(T?z, Ty)}. (2.1)
Khi do
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1. T ¢6 duy nhat mot diém bat dong x* € X.

2. Voimoix € X,n €N, lim T"z = z*.

n—oo

3. Voimoix € X, neN,

Chiing minh.
D(T'z, T’x)

Kq»

D(z,Tx).

(1). Véimoiz e X,;1<i<n-—1,1<j<mn,tu(2.1) tacod

= D(TT 2, TT" ')
¢ max {D(Tiflx, T ), D(T 12, TT '),
D(T" g, TT  2), D(T" o, TT' '),
D(TV "z, TT '2), D(T*T" ‘2, T" 'x),
D(T*T" ', TT" '), D(T*T" 2, T'"'2), D(T?T" 2, TT7 'x) }
= gmax {D(T" 'z, T '2), D(T" 'z, T"),
D(Tj_lx T'x), D(T" o, Tz),
D(T" 'z, T'x), D(T" 2, T '),
DT, T'z), D(T" 2, TV 'z), D(T" 2, T'x) }
< ¢6[Or(z,n)] (2.2)

IN

v6i 6[Or(z,n)] = max {D(T"x, T7z) : 0 < 4,5 < n}.
1 .
Tw (2.2), vig € [O; §> nén ton tai k,(r) < n sao cho

D(x, T*Wz) = §[Or(x,n)]. (2.3)

Khi d6, tit Dinh nghia 1.1.(3), (2.2) va (2.3), ta c¢6
)

Do do6

D(z, T"@®z) < K[D(x,Tz)+ D(Tz, T"®z)]
< KD(z,Tz)+ Kqb[Op(z,n)]
= KD(z,Tz)+ KqD(x, T"®z).

8[Op(z,n)] = D(z, T*@z) < D(z,Tx). (2.4)

1—Kgq

1
Véi moi n,m >1,n<m, q € [0; %), tir (2.2), (2.3) va (2.4), ta c6

D(T"x,T™x) = D(TT" 'z, 7" " T" 'z)

< @Or(T" ro,m —n+ 1))

qD(Tnilx, Tkr77l77l+1 (Tn_lz)Tnflx)
— q_D(TTn_2£L'7 Tkm7n+1(T7L71$)+1Tn_2l’)
< @O (T %, kpypya (T ) + 1)]
< @O (T %z,m —n + 2)]

Kq»

< D(z. Tx). 2.
< 20D 1) (25)
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Cho n,m — oo trong (2.5) ta ¢6 lim D(T"z,T™x) = 0. Vay {T"x} la mot day

,M—00

Cauchy trong X. Vi X 1a T-quy dao day di nén ton tai z* € X sao cho
lim 7"z = «”. (2.6)

n—oo

T Dinh nghia 1.1.(3) va (2.1), ta c6
D(xz*,Tz*) < KD(z*,T""'z) + KD(T"'z, Tz*)

a (
(

D(z*, T""2) + KD(TT"z, Tx*)
(z”

IA
@NN

D(z*, T""'z) + Kqmax {D(T"z,2*), D(T"z, TT"z),

(z*, Tx*), D(T"x, Tx*), D(z*, TT"z), D(T*T"z, T"z),
D(T2T"q:, TT"z), D(T*T"z,z*), D(T*T"z, Tz*)}

= KD(@",T""'z)+ Kqmax {D(T"z,2*), D(T"z, T"""z),
D(z*,Tz*), D(T"x, Tz*), D(z*, T" " x), D(T" 2z, T"x),
D(T" "z, T 2), D(T" 2z, %), D(T" "z, Tx*) } . (2.7)

Cho n — oo trong (2.7), stt dung (2.6) va tinh lién tuc ctia D, ta c¢6

D(z*,Tz*) < K.0+ Kgqmax{0,0,D(z*, Tz*), D(z*, Tz"),0,0,0,0,0}
= KqD(z*,Tz"). (2.8)

Vi Kq € [0;1) nén tu (2.8) ta c¢6 D(z*,Tx*) = 0 hay 2* = Tz*. Vay T c6 diem
bat dong.

Tiép theo, ta chiing minh tinh duy nhat diém bat dong cia T. Gia st z*, y* 1a
hai diém bat dong ctia T. Tit (2.1) ta c6
D(z*,y*) = D(Tx*,Ty") < qmaX{D( "), D(x*, Tx"), D(y*, Ty")
D(x*, Ty*), D(y*, Ta*), D(T?x*, x*), D(T?x*, Tx*),
(T2 *, * (T2$* Ty )}
= qD("y ).

1 . )
Vig € [O; ?> nén D(z* y*) = 0 hay z* = y*. Do d6, diem bat dong ctia T la
duy nhat.
(2). V6i moi z € X, tit (2.6) ta c6 lim T"x = x*.

n—oo

(3). V6i moi z € X,n € N, cho m — oo trong (2.5), sit dung (2.6) va tinh lién

K n
tuc ctia D, ta c6 D(T"z,z*) < . qK D(z,Tx). O
— g

Cho K =1 trong Dinh Ii 2.3 ta dugc hé qua sau.

2.4 Hé qua ([5], Theorem 3.1). Cho (X,d) la mot khong gian métric va dnh za
T: X — X thoa man

1. X la T-qui dao day di.
2. Ton tai q € [0;1) sao cho vdi moi x,y € X,
d(Tz,Ty) < gmax{d(z,y),d(z,Tx),d(y, Ty),d(z,Ty),d(y, Tx),d(T*z,z),
d(T?z, Tx), d(T?z,y), d(T*z,Ty)}.
Khi do
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1. T ¢6 duy nhat mot diém bat dong x* € X.

2. Voimoix e X,n €N, lim T"z = x*.

n—oo

3. Vormoix € X, neN,

d(xz,Tz).

Cudi ciing, ching toi giéi thieu vi du ching té Dinh li 2.3 tong quat hon He
qua 2.4.

2.5 Vi du. Cho X ={-2,-1,0,1,2} v6i D xéc dinh nhu sau

0 néu z=y
D(l’,y) = 3 néu (x7y> S {(_271)7(_272)7(17_2)7<27_2)}
1 trong truong hgp con lai

vaT : X — X xé4c dinh bdi
T(-2)=T(-1)=T0=-2T1=-1,T2=0.
Khi do
3\ . _ . P
1. (X , D, 5) la mot khong gian kieu-métric.

2. Cac gia thiét ctia Dinh 1 2.3 dugc théa man.
3. D khong la mot métric.

Ching minh. (1). Tt cong thitc clia D ta suy ra diéu kién (1), (2) trong Dinh
nghia 1.1 dugc théa man. Ta kiém tra diéu kien thi (3).
V6i moi z,y1,...,yn, 2 € X, ta xét cac truong hgp sau
Néu D(z,y) =0 thi D(z,y) =0 < D(x,21) + D(z1,22) + -+ + D(zn,9).
Néu D(z,y) =1 thi D(x,21) + -+ D(2,,y) > 1. Suy ra

D(z,y) < D(z,z1) 4+ -+ -+ D(2p,y).

Néu D(z,y) =3 thi D(z,21) + -+ + D(2,,y) > 2. Suy ra
3
D(z,y) < 5[D(z,21) + -+ + D(z, y)].

. 3 3
Vay dieu kién (3) trong Dinh nghia 1.1 dugce théa méan véi K = o Suy ra (X, D, 5)

la mot khong gian kiéu-métric.
(2). Truée hét, ta ching minh D lién tuc. Gid st lim z, = z va lim y, = .
n—oo

n—oo

Khi d6 lim D(x,,z) = lim D(y,,y) = 0. Do d6 ton tai ng sao cho D(z,,r) < 1 va
n—oo

n—oo
D(yn,y) < 1 v6i moi n > ng. T cong thic cia D suy ra D(z,,z) = D(yn,y) =0
hay =, = x,y, = y v6i moi n > ny. T d6, suy ra D(x,,y,) = D(z,y). Suy ra
lim D(x,,y,) = D(x,y). Vay D lién tuc.
n—oo

) X 3
Tiép theo, ta ching minh X 1a T-quf dao ddy di. Ta ching minh (X, D, 5)

day du. Gia st {x,} 1a mot day Cauchy, ta ching minh {z,} hoi tu.
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Vi {z,} 1a mot day Cauchy nen lim D(z,,z,) = 0. Do d6 ton tai ng sao cho

n,Mm—00

D(xy, ) < 1 v6i moi m,n > ng. Suy ra D(z,,z,) = 0 hay x, = z, véi moi

3
n,m > ng. Vay lim z, = x,,. Suy ra (X D, ) day du. Do d6 X 1a T-quy dao

n—oo

day di.
Tiép theo, ta chiing minh ( 1) duge théa méan. Ta c6

D(Tz,Ty) = D(~2,~2) = 0 néu x y e {-2,-1,0}.

D(T(-2),T1) = D(—2,1) = 1 D( 1) = 3.

D(T(-2),T2) = D(—2,0) = 1,D(~2,2) = 3.

D(T(=1), T1) = D(=2,—1) = 1, D(T*(—1), 1) = D(T(~2),1) = D(=2,1) = 3.
D(T(=1).T2) = D(—2,0) = 1, D(T?(~1),2) = D(T(~2),2) = D(~2,2) = 3
D(T0,T1) = D(—2,—1) = 1,D(1,T0) = D(1, —2) = 3.

D(T0,T2) = D(—2,0) = 1, D(T20,2) = D(T0,2) = D(—2,2) =

D(Tl,T2) - D(—l,O) =1 D(T21, 2) = D(T(—l), 2) - D(—2,2) = 3.

D(1,—2)=3> D(1,0)+ D(0,—-2) = 1+1 = 2.
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