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Tém tat. Trong bai viét nay, ching toi phat biéu lai khdi niém md rong kép va dao ham phdn
zing cia dai s6 Lie toan phuong. Cudi cung, ching toi dua ra mot so vi du vé tinh dao ham
phdn wing cia mot dai so Lie toan phuong thap chiéu, va md rong kép cia dai so6 Lie toan
phwong thap chiéu bdi mot dao ham phdn zing cia no.

1 M3J dau

Cho G la dai s6 Lie toan phuong. Mot bai toan noi tiéng trong 1i thuyét ciia céc dai sé Lie
toan phuong trén mot truong déng dai so6 F 1a phan loai ching. Bai toan nay dudce nghién ciu
manh mé trong nhiéu cong trinh. Cu thé, bai toan phan loai duge bt dau nghién ctu trén céc
dai s6 Lie toan phuong liy linh s6 chiéu nh6 hon hodc bang 7 trong (xem [4]) va gan day hon,
Kath da phan loai céc dai s6 Lie toan phuong liy linh thuc dén 10 chiéu (xem [6]). Trudng
hop khong gidi dude, cac dai so6 Lie thue dén 9 chieu da dude phan loai bdi Campoamor va
Stursberg, va dén 13 chiéu trong mot cong trinh [1] gan day. Tuy nhién phan loai cic dai s6 Lie
toan phuong gidi dudge khong lity linh 1a khong tam thuong va ching da duge phan loai dén 8
chiéu (xem [5]). Didu nay la dong co thic day ching toi c6 ging phan loai cic dai s6 Lie véi
s6 chiéu cao hon. Cong cu chinh dé gidi quyét bai toan nay 1a mé rong kép ctia dai s6 Lie toan
phuong bdéi mot dao ham phan xing ctia chung.

2 NoOi dung nghién ciu
2.1 MGé dau ve dai sbé Lie va dai s6 Lie toan phuong
2.1.1 DPai s6 Lie

Dinh nghia 2.1. Cho G la mot khong gian vécto trén truong C. Ta goi G la mot dai so Lie
néu trén G dugc trang bji phép todn (goi la tich Lie)

[,]:GxG—G
(X,)Y) — [X,Y]

théa man cdc diéu kién sau:
1. Phép todan [.,.] la mot dnh za song tuyén tinh;
2. Phép todn |.,.] la phdn xing, tic la [X, X] =0 vdi moi X € G;
3 X, Y, Z)|+ Y, 2, X]|+[Z,[X,Y]] =0 vdi moi X,Y,Z € G (dong nhat Jacobi).

S6 chiéu ciia dai s6 Lie G 1a s6 chiéu ctia khong gian vécto G. Néu [X,Y] = 0,VX,Y € G
thi G dugdc goi 1a dai s6 Lie giao hoan.

Dinh nghia 2.2. Cho dai s6 Lie G. Mot khong gian vécto con A cia G duge goi la mot dai so
Lie con ctia G néu [X,Y] € A vdi moi X,Y € A.
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Dinh nghia 2.3. Cho dai s6 Lie G. Mot khong gian véc to con I cia G dudc goi la mot ideal
cia G néu [X,Y] €I vdi moi X € G, Y € 1.

Cho dai s6 Lie G, ta ki hieu [G,G] = {[X,Y] | X,Y € G} dugc goi la dai s6 dan xuét cia
dai s6 Lie G va 1a mot ideal cia G. Ki hieu Z(G) = {X € G | [X,Y] =0,VY € G} la ideal tam
cua G.

Dinh nghia 2.4. Cho G, va G, la hai dai so6 Lie trén truong C. Khi dé dnh za tuyén tinh
0 : Gy — Gy duogc goi la mot dong cau dai s6 Lie néu bdo toan tich Lie, tic la ¢([X,Y]) =
[o(X), p(Y)] vdi moi XY € G;.

2.1.2 Dai s6 Lie toan phuong

Dinh nghia 2.5. ([3]) Cho mot khong gian vécto phitc G. Mot dang song tuyén tinh B :
G x G — C duoc goi la

1. doi ming néu B(X,Y) = B(Y, X) vdi moi X,Y €G;

2. khong suy bién néu B(X,Y) =0 vdi moi Y € G thi X = 0;

3. bat bién (hay con goi la két hop) néu

B(X,Y],Z) = B(X,]Y, Z]),VX,Y, Z € G.

Mot dai so Lie G trén do ton tai mot dang song tuyén tinh doi xiing, khong suy bién va bat bién
dugc goi la mot dai s6 Lie toan phuong. Ki hiéu (G, B).
Vi du 2.6. Mot s6 vi du ve dai s6 Lie toan phuong

1. Trong R3 vdi tich Lie la tich c¢6 hudng, dang toan phuong la tich vo hudng.

2. Cho G = Span{X,Y} trong dé tich Lie cho bdi [X,Y] = 0. Dang song tuyén tinh doi
wing, khong suy bién va bat bién B cia G cho bdi B(X,Y) = 1, cdc truong hop con lai
bang 0. Khi dé (G, B) la dai s6 Lie toan phuong giao hodn 2-chiéu.

3. Cho G = Span{X, P,Q, Z} trong dé tich Lie cho bdi [X, P] = P,[X,Q] = —-Q, [P, Q] = Z,
cdc truong hgp con lai la tam thuong (G la dai so Lie kim cuong). Dang song tuyén tinh
doi ming, khong suy bién va bat bién B cia G cho bdi B(X, Z) = B(P,Q) = 1, cdc truong
hop con lai bang 0. Khi dé (G, B) la dai so Lie toan phuong 4-chicu.

Dinh nghia 2.7. ([3]) Cho dai so Lie toan phuong (G, B) va V la mot khong gian vécto con
cia G, khi dé ta dinh nghia thanh phan truc giao cia V la

Vt={Xe€G|B(X,Y)=0,YY € V}.

Mot phan tit X € G duge goi la tut déng huéng néu B(X, X) = 0. Mot khong gian con V/
ctia G duge goi 1a ty dang huéng hoan toan néu B(X,Y) = 0,VX,Y € V. Trong trudng hgp
nay, hién nhién ta c6 V C V*. Tit d6 ching ta c6 dinh nghia vé dai s6 Lie it gon nhu sau:

Dinh nghia 2.8. ([3]) Mot dai s6 Lie toan phuong G khdac {0} dudc goi la mot dai s6 Lie rit
gon néu tam tu dang hudng hoan toan.

Tt tinh chat bat bién va khong suy bién ctia dang song tuyén tinh xac dinh trén G, ta dé
dang ching minh duge [G,G] = Z(G)*. Do d6 Z(G) tu dang huéng hoan toan khi va chi khi
Z(g) C19,9].
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2.2 DPao ham phan xing vA md rong kép ctia mot dai s6 Lie toan
phuong

2.2.1 Dao ham phan xiing ciia dai s6 Lie toan phuong

Dinh nghia 2.9. ([3]) Cho (G, B) la mot dai s6 Lie toan phwong. Anh zq tuyén tinh D : G — G
duge goi la mot dao ham cia G néu

D(IX,Y]) = [D(X),Y] + [X, D(Y)},VX,Y €G.
Néu théem diéu kién
B(D(X),Y)=—-B(X,D(Y)),VX,Y €G
thi ta noi D la mot dao ham phadn xing cia G.

Ti tinh chat bat bién clia dang song tuyén tinh, cidc dao ham trong ctia mot dai s6 Lie toan
phuong déu 1a dao ham phan xing. Tuy nhién diéu ngugce lai khong ding, vi du c6 thé tim
dude trong ménh dé 2.10 va cac vi du 2.14, 2.15.

Sau day 1a mot s6 ménh dé vé cach tinh ma tran phan xiing ctia mot s6 dai sé Lie toan phuong.

Meénh dé 2.10. Cho G la dai so Lie kim cuong. Goi D la dao ham phdn wing cia G. Khi dé
ma tran biéu dién cia D doi vdi co sé {X,P,Q,Z} dugc zdc dinh nhu sau:

0O 0 0 0

ly a 0 0
D= 2z 0 —a 0
0 —2 —y 0

Chaing minh. Dai s6 Lie kim cuong G = Span{X, P,Q, Z} trong d6 tich Lie cho bdi [X, P] =
P [X,Q] = —Q,[P,Q] = Z, cac truong hgp con lai 14 tam thuong. Dang song tuyén tinh doi
xing B cho bdi B(X,Z) = B(P,Q) = 1, cac truong hgp con lai bang 0.

Do Z(G) = C.Z 1a khong gian con 6n dinh v6i D, titc 1a D(Z(G)) C Z(G). Nén ta c6 thé gia
st D(Z) = axZ,x € C. Vi D phén xtng nén ta cé:

B(D(X),Z) = —-B(X,D(Z)) = —B(X,22) = —x.

Do d6 D(X) = —aX +yP +2Q +wZ,x,y,z,w € C. Do [G,§] ciing 13 mot khong gian con 6n
dinh d6i v6i D nén D(P) = aP +bQ + c¢Z va D(Q) = d'P +VQ + ¢ Z v6i a,b,c,d’, U, € C.

Ta c6 D(P) = D([X, P]) = [D(X), P] + [X, D(P)]. Suy ra x = b= 0 va ¢ = —z. Tuong tu doi
v6i D(Q), ta nhan duge ¢ = —y,a’ = 0.

Dya vao tinh chat phan xting ctia D, ta c6 B(D(X), X) = 0, hay w = 0. Tuong tu B(D(P), Q) =
—B(P,D(Q)), suy ra a = —b. Cudi cung ta thu duge D(X) = yP + 2Q,D(P) = aP —
27,D(Q) = —aQ —yZ,D(Z) = 0.

Do d6 ta c6 ma tran ctia D d6i véi co s6 {X, P,Q, Z} 1a

0 0 0 0

ly a 0 0
D= 2z 0 —a 0
0 —2 —y O

]

. ) 1
Ménh de 2.11. Cho G la dai so Lie kim cuong. Dat H = G @& C.Y, trén H tich Lie cho badi
(X, P] = P,[X,Q] = —-Q,[P,Q] = Z, cic truong hop con lai la tam thuong va dang song tuyén
tinh B cho bdi B(X,Z) = B(P,Q) = B(Y,Y) = 1, cdc truong hop con lai bang 0. Goi D la
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dao ham phdn ming cia H. Khi dé ma tran biéu dién cia D doi vdi co sé {X, P,Q, Z,Y} duogc
xac dinh nhu sau:

0O 0 0 00
y a 0 00
D=z 0 —a 00
0 —2 —y 0 ¢
-t 0 0 00

Chitng minh. VI H = QéCY, tich Lie cho béi [X, P] = P, [ X, Q] = —Q, [P, Q] = Z, céc trudng
hop con lai 1a tam thuong. Dang song tuyén tinh déi xting B cho béi B(X,Z) = B(P,Q) =
B(Y,Y) = 1, cac trusng hdp con lai bang 0. Nén dé dang ching minh duge H 1a mot dai s6
Lie toan phuong va H = Span{X, P,Q, Z,Y }.
Do Z(G) = C.Z + C.Y 1a khong gian con 6n dinh déi véi D, tic 1a D(Z(G)) C Z(G). Nen
D(Z)=xzZ+2'Y,DY)=tZ+tY,z,2',t,t' € C. Vi D phan xiing nén:

B(D<X)7Z) = _B<X7D(Z)) = —B(X,.%Z) = —Z,
Do d6 2/ =0,/ =0,D(X) = —2X +yP + 2Q + wZ + uY,z,y,z,w,u € C. Do [G, G] ciing la
mot khong gian con on dinh déi véi D nén D(P) = aP + bQ + cZ va D(Q) = d'P+ b Q +Z
v6i a, b, c,a’ U, € C.
Ta c6 D(P) = D([X, P]) = [D(X), P] + [X, D(P)]. Suy ra = b =0 va ¢ = —z. Tuong tu doi
v6i D(Q), ta nhan duge ¢ = —y,a’ = 0.
Dua vao tinh chat phan xing ctia D, ta c6 B(D(X), X) = 0, hay w = 0. Tuong tu B(D(P), Q) =
—B(P,D(Q)),B(D(X),Y)=—-B(X,D(Y)), suy ra a = —b',u = —t.
Cudi cling ta thu dugc:

D(X)=yP+2Q —tY,D(P)=aP —2Z,D(Q) = —aQ —yZ,D(Z) =0,D(Y) = tZ.

Do d6 ta c6 ma tran ctia D d6i véi co s6 {X, P, Q,Z, Y} 1a

0O 0 0 00
y a 0 00
D=1z 0 —a 00
0 —2 —y 0 t
-t 0 0 00

]

Ménh dé 2.12. Cho G la dai so Lie toan phuong 5-chiéu. Goi D la dao ham phdn zing clia
G. Khi dé ma tran biéu dién cia D déi véi co sd {2y, Zy, T, X1, Xo} dugc wdc dinh nhu sau:

xr y —-b 0 —t
z —x —c t 0
D=0 0 0 b c
0 O 0 —x —z
0O 0 0 -y =«

Chaing minh. Gia st dai s6 Lie toan phuong G = Span{Z, Z», T, X1, X5}, tich Lie cho béi
(X1, X5] = T,[X1,T] = —Z5,[Xs,T] = Z;, cac truong hop con lai 1a tam thuong. Dang song
tuyén tinh B cho bdi B(X;, Z;) = B(T,T) = 1,i = 1,2, cac truong hgp con lai bang 0.

Do Z(G) = C.Z, + C.Z, 1a khong gian con on dinh ddi véi D, tic 1a D(Z(G)) € Z(G). Nén
D(Zy) = xZy + 2725, D(Zy) = yZ1 + wZs, x, z,y,w € C. Vi D phan xiing nén:

B(D(Xl), Zl) = —B(Xl, D(Zl)) = —B<X1,$Zl + ZZQ) = —,
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B(D(X1)722) = _B(leD(Z2>> = _B(Xl,yZ1 +wZz) =Y.
Do d6 D(X,) = —a Xy —yXo+ 21 +tZs + U1, x,y,y1,t,b € C. Tuong tu, ta co:

B(D(XQ), Zl) = —B(XQ,D(Zl>> = —B(XQ,ZEZl + ZZQ) = —Z,
B(D(X2)7 ZQ) = —B(X27 D(Zg)) = B(X27y21 + IUZQ) = —Ww.

Nén ta c6 thé dat D(X,) = —2X, —wXo+yo 2y +t1 Zo+cT, z,w,ya, 11, ¢ € C. Ap dung tinh chat
phén ximg clia D ta c6 B(X1, D(X1)) = —B(D(X,), X1), B(Xa, D(Xs)) = —B(D(X,), X)
nén B(Xl,D(Xl)) = B(XQ,D(XQ)) = 0. Suy ra B(Xl, —iL'Xl - yXQ + y1Z1 + tZQ + bT) =
0, B(XQ, —ZX1 — U)X2 + y2Z1 + tlzg + CT) = O, tuce la Y1 = t1 = 0.

Do B(Xl, D(XQ)) = —B(Xl, D(XQ)) nén ta thu duge:

B(Xl, —ZX1 — UJXQ + y221 + CT) = —B(—ZL’Xl — ng + tZQ + bT, Xg)
Diéu nay ching t6 1y, = —t. Mit khéc, ta co:
D(T) = D([Xl,XQ]) = [D(Xl), XQ] + [Xl, D(XQ)] = (.T + w)T — bZl — CZQ

D(Zy) = D([X5,T)) = [D(Xa2), T] + [Xo, D(T)] = yZs — (x + 2w) Zy.

Suy ra xZy + 22y = yZs — (v + 2w)Z;. Do d6 v = —(z + 2w) hay w = —x.

Cudi Cimg ta thu dugce D(Zl) =x/+ ZZQ, D(ZQ) = yZl — ZL'ZQ, D(Xl) = —xX;— ng +tZy +
T, D(Xy) = —2Xq +aXo —tZy + ¢T va D(T) = —bZy — cZs.

Do d6 ma tran ctia D doi véi co s6 {7y, Z5, T, X1, Xo} 1a

xr y —-b 0 —t
z —x —c t 0
D=10 0 0 b c
0O 0 0 —z —z
0O 0 0 —y =

2.2.2 M3 rong kép ctia dai sb6 Lie toan phuong

Dinh nghia 2.13. ([5]) Cho (G, B) la mot dai so Lie toan phuong va D la mét dao ham phdn
xing cua G. Trén khong gian vécto

G=GpCeaqC.f

ta dinh nghia phép toin [X,Y|g = [X,Y]g+ B(D(X),Y)f,[e, X] = D(X) va [f,G],VX,Y € G.
Khi d6 G trd thanh mot dai so6 Lie, hon nia G con la mot dai sé Lie toan phuong voi dang song
tuyén tinh doi zing, khong suy bién va bat bién B dugc zdc dinh B(e,e) = B(f, f) = B(e,G) =
B(f,G) =0,B(X,Y) = B(X,Y) va Ble, f) = 1 véi moi X,Y € G. Trong truong hop nay, ta
goi G la md rong kép hay md rong kép 1-chiéu ctia G bdi D.

M4 rong kép 1a mot cong cu hitu ich dé thu duce cac dai s6 Lie toan phuong tit mot dai
s6 Lie toan phuong da cho va ching xuat hién thuong xuyén trong bai toan phan loai. Trong
dinh nghia trén, néu G la aben va D # 0 thi dim([[G, G], [G,G]]) = 1. Trong trudng hgp nay G
duge goi 1d md rong kép 1-buée hodc dai s6 Lie toan phuong ki di.
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Vi du 2.14. Cho G la dai s6 Lie giao hodn phitc hai chiéu va B la dang song tuyén tinh doi
ziing khong suy bién bat bién tren G. Ta cé thé chon G = Span{P,Q} sao cho B(P,P) =
B(Q,Q) =0,B(P,Q) =1, khi dé ma tran cia dao ham phdn xing D cia G dugc cho nhu sau:

oot 0]

G=CaCXaCZ

Dat khong gian véc to

va dinh nghia trén G mot phép todn
[X,P]=D(P)=P,[X,Q]=D@Q)=-Q,[P,Qlg=[P,Qg+ B(D(P),Q)Z =Z

cic truong hop con lai tam thuong. Dang song tuyén tinh trén G dudc xdc dinh B(P,Q) =
B(X,Z)=1.

Khi dé6 G 1a dai s6 Lie kim cuong,.
Vi du 2.15. Cho G la dai s6 Lie giao hodn phitc ba chiéu va B la dang song tuyén tinh doi
ziing khong suy bién bat bién trén G. Ta c6 thé chon G = Span{X,Y,Z} sao cho B(X,Z) =

B(Y,Y) = 1, cdc truong hop con lai bang 0. Ta tién hanh md rong kép bang dao ham phdn
xing:

01 O
D=0 0 -1
00 O

Dat khong gian véc to B
G=GpCeapC.f,

va dinh nghia trén G mot phép todn

[e.Y]=D(Y)=X,[e, Z] = D(Z) = -Y, [Y7Z]§: Y, Zlg+ B(D(Y),2)f = [,

cac truong hop con lai tam thuong. Dang song tuyén tinh trén G_ duoc zdc dinh B(X,Z) =
B(Y,Y) = Ble, f) = 1, cdc truong hop con lai bang 0. Khi dé G trd thanh dai so Lie toan
phuong 5-chiéu.

Trong [5] da dua ra mot két qua hay vé sy dang ciu ctia cic dai s6 Lie toan phuong 1a md
rong kép ctia mot dai s6 Lie toan phuong G nhu sau:

Meénh dé 2.16. Cho G la dai s6 Lie toan phuong va D, D' la cic dao ham phdn zing cia G.
Néu D — D' = ad(X),X € G thi méd rong kép cia G bdi D va D' la ding cau.

Chi § 2.17. Tw két qud cia ménh dé 2.11, 2.12 ta c6 suy ra cdc két qud sau:

1. Trong ménh dé 2.11, dé thay

D' =

o O O O
o O O O O
o O O OO
OO O OO
O+ O OO
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3

ctung la dgo ham phdan xing ciua H. Khi doé

0O 0 0 00
y a 0 00
D—D=|z 0 —a 0 0| =ad(aX —yY + 2Q),
0 —2 —y 00
0O 0 0 00O

vdi aX —yY + 2Q € H. Theo ménh dé 2.16 thi md rong kép 1-chiéu cia H bdi D va D’
la dang cau.

. Trong ménh dé 2.12, dé thay

z y 0 0 0
z —x 0 O 0
D=1]10 0 0 0 O
0O 0 0 —x —z
0 0 0 —y =

00 —b 0 —t

00 —ct 0
D-D=10 0 0 b c|=ad(cX;—bXy+1tT),
00 O 0 O
00 0 0 O
v0i c X, — bXy +tT € G. Theo ménh dé 2.16 thi md rong kép 1-chiéu cia G bdi D va D’

la dang cau.

Két luan

Nghién cit cic dai s6 Lie toan phuong 13 mot huéng nghién citu mdéi va kha 1y tha. Mot vai
khai niem va két qua duge néu trong bai bao cao da duge bat gap trong nhitng cong trinh ctia
nhiéu téc giad khac. Mé rong kép bang dao ham phan xting ctia mot dai s6 Lie toan phuong 1a
mot cong cu hitu dung dé gidi quyét bai toan phan loai cac dai s6 Lie toan phuong va siéu dai
s6 Lie toan phuong.
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