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Tém tit. Chiing téi gi6i thiéu tong quan Vé ki thudt giai mét sé dang todan s6 hoc
co quy ludt danh cho may tinh cam tay trong chuong trinh todn phé théng. Poi Véi
mol dang todn dwroc de Cdp, chung toi dat ra mot so bai toan nang cao giai duoc
bang ki thudt twong tu.

1. Mé dau

May tinh cAm tay la mét trong nhitng thiét bi giao duc hd tro hiéu qua cho viéc
tinh toan trong hoc tap nghién ctu cua hoc sinh, sinh vién va viéc giang day cua
gido vién. Gan day, nhleu tac gia trong va ngoai nudc da c6 nhimg nghién cau vé
loi ich cia may tinh cam tay trong day hoc toan; vé cac quy trinh va giai thuat nham
st dung hiéu qua may tinh cam tay trong giai toan; vé viéc ing dung may tinh cam
tay vao hoc tap nghién ciru, ... (xem [2]-[10] 1). Tuy nhién, cac dang toan so hoc co
quy luét chua duge khai thac sau va co hé thong Do d6, nhiéu bai toan sé hoc tro
nén kha phuc tap néu ching ta khong am hiéu vé thuat giai chung.

Trong bai viét ndy, chung toi gi6i thiéu va néu quy trinh giai chi tiét mot s6
dang toan sb hoc ké trén, ddng thoi tong quat hoa chung thanh cac bai toan méi kho
hon. Mot y nghia quan trong 13 cac quy trinh giai dugc trinh bay c6 thé ap dung rong
rdi cho cac dong mdy tinh pho thong do Bo Gido duc va Pao tao cho phép thi sinh
duoc st dung trong phong thi nhu Casio fx 570MS, Casio fx 570ES (PLUS),
VinaCal 570MS, VinaCal 570ES (PLUS), VN-570RS, VN-570ES (PLUS), ... (xem

[1]).

2. M@t sb dang todn s6 hoc cé quy luat
2.1. Thir két qua dé tim ra quy ludt ciia phép todn
a) Bai todn. Tim tit ca cac chit sd trong két qua cua phép toan sau

2014
Ao (10 g +5)2.

)2, keN*. Thtr lan lugt trén mdy véi

- 10 +5
Hudng dan giai. Pat A =( 3 ?

10* +5

k=1,2,3,... d tim ra quy luat cia A . Dé thir nhanh, ta nhap biéu thirc ( )?

vao may (An ALPHA X dé nhap bién X) va an phim CALC,
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May hoi X? nhap 1 B, két qua A =25;
An CALC, may héi X? nhap 2 B, két qua A, =1225;
An CALC, may héi X? nhap 3 B, két qua A, =112225;
An CALC, may héi X? nhap 4 B, két qua A, =11122225;
Tur quy ludt nay ta c6 A=A, =11...1122...225 ¢6 2013 chit s6 1, 2014 chit s6

10* +5

Khai théc bai todn. Ta thiy tong cac chir sd trén tir s6 ciia phan sb la 6,

do d6 tir s6 chia hét cho 3, suy ra A phai la s6 nguyén. Bai toan ¢4 thé khai thac
thanh nhiéu dang tuong tw & mrc d¢ kho hon khi cho
1007 +2 1002015 +8., 1002015 14 100*" +8

A== S A= () A= () A= ()

b) Bai todn. Tinh tong tit ca cac chit sb cua sé nguyén duong B=99...9* (co
2014 chit s6 9).

Huéng dan gidgi. Lan luot thor trén may ta co: 9°=81, 99 =9801,
999% =998001, 9999% =99980001, ... Theo quy luat do thi B=99...9800...01 ¢o
2013 chir s6 9, 1 chit s6 8, 2013 chit s6 0 va 1 chit s6 1. Suy ra téng cac chit s6 cua
Bla 9x2013+8+1=18126.

Khai thdc bai todn. Thir trén may cho bai toan trén voi sO mii méila3, 4, ... ta
thiy két qua van co quy luat. Do vay, bai toan co thé khai thac thanh mot sé dang
tuwong tu khi cho B=99...9% (c6 2015 chir s6 9), B=99...9%+ 99...93 (mdi s6 hang c6
2015 chir s6 9), B =999...92+999...9° +999...9* (mdi sb hang c6 2015 chir s6 9).
Khi tim dugc quy luat caa B thi viéc tinh tong cac chir sé cua B 1a dé dang.

2.2. Tim k chit 56 cudi bén phdi ciia mét liiy thiva m* (véi m,ae N*, m=1)

Vé 1y thuyét, dé tim k chit s6 cudi bén phai (goi tit 1a chit s6 cudi néu khong co
su nham 14n & ddy) cia m“ ta can tim s6 du khi chia m“ cho 10* (k =1,2,3, ...).
Nhung tinh toan theo cach nay s& mat nhiéu thoi gian vi phai tién hanh qua nhiéu
budc dé tim déng du cho 10k do vay trén thuc té nguoi ta thudng ap dung mot sb
dau hiéu sau ddy dé rat ngan th(n gian giai:

- Ddu hiéu 1. Co s6 ¢6 dudi bt bién véi moi iy thira: Néu m c6 cac ChlI so
cudi lan luot 13 1, 5, 6, 76, 25, 376, 625, 9376, 0625 thi m® cling c6 cac chit s6 cubi
tuong ung 1a 1, 5, 6, 76, 25, 376, 625, 9376, 0625 v&i moi s mil & € N*,

- Ddu hiéu 2. S6 mii a chia hét cho 100: Ta c6 bang sau

Chir s6 hang don vi ctia m| Ba chit s6 cudi ciia m* Vidu
0 000 2010** =000 (mod 1000)
5 625 245%* = 625 (mod 1000)
2,4,6,8 376 2014%%** =376 (mod 1000)
1,3,7,9 001 1237*° =1 (mod 1000)

Viéc chieng minh DAu hiéu 1, 2 1a don gian bai tinh chat vé dong du s6 hoc.
Bai todn. Tim ba chit s6 cudi bén phai cua liy thira 2014252
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Huéng dan gidi. Ta c6 20142052 = 20142152 5 2014 . Ap dung D4u hiéu 2 ta
c6 201472 =376 (mod 1000).

Ngodi ra 2014 =14 (mod 1000) = 224 (mod 1000) .

Viy 2014757 = 376 x 224 = 224 (mod 1000). Do d6 ba chit sb cudi can tim 1a

224,
Khai thdc bai todn. Bai toan c6 thé khai thac theo cac hudng sau:
- Tim ba chir sO tin cung cua lily thta m* c6 co sO va sO mil rat lon
m=aa,..a,, a=hb,..b, véi n,keN*. Ap dung tinh chit déng du s6 hoc, ta c6

T g e bk
m“=a,.a, ,a, x a, ,a,,a  (mod1000),

byb, b, , 00

trong d6 c6 thé doc ngay ba chir s6 cudi cia a,_,a_,a theo Dau hiéu 2 dua

vao chir s6 hang don vi cia co s6 a_,a_,a 1a a . Khi do, bai toan v6i co s6 va sb

mil 16n tro thanh bai toan dong du don gian. Vi du, dé tim ba chir s6 cudi cua
2014201520162018" 514132 3 qua vé tim ba chit s6 cudi ciia 376x18%. Két
qua la 376x18* =176 (mod 1000).

- Tim ba chit s6 cudi cua mot s6 ¢6 chira phép toan tong, hiéu, tich cac Iy thura
v6i cac lity thira c6 co s6 va sd mii 16n. Ta tim ba chir s6 cudi cta timg iy thira r01
cong (tm nhan) chung lai dé tim dong du cho 1000. Luu ¥, d6i véi phép tru: néu
duogc két qua 1a sb am thi ta cong chung cho k x 1000 dé duoc két qua 1a s duong
bé hon 1000 (ture co6 t01 da ba chir so)

- Tim ba chit s6 cudi ciia mot sb tao nén tir mdt phép toan phirc tap nhung cé

9

2 ., £ A~ oxy \ ~ A Ae 1617 101t
thé danh gid dugc co s0, sO mil. Vi du tim ba chir s6 cudi cua A= [15 +4]

Ta thay s& mii chia hét cho 100. Ngoai ra 15" ¢6 chit s6 cudi 1a 5 (theo DAu hiéu
y g

1), do d6 15®"  +4 ¢6 chit s cudi 1a 9. Theo DAu hiéu 2, ba chit s cubdi cua A Ia
001. Vi¢c khai thac ap dung cac dau hiéu mot cach linh hoat 1am cho bai toan phtrc
tap tré nén don gian dén murc ¢6 thé nham tinh duoc két qua.

- Ta con co thé khai thac mé rong thém dang bai tap hdn hop hoan toan méi

nhu sau: Tim ba chit so cuoi cua CP véi
99

3 2 2014
C=[1%" +41" iD= (%)2.

2.3. Tim chir sé thip phdn thir k sau ddu phay trong phép chia m cho n
Bai toan. Tim chir S0 thap phan thr 2014 sau dau phay trong phép chia 23 cho 111.

Huwréng dan gidi. Ta c6 %:0,(207) tuan hoan vé&i chu ky gdm 3 chir s6 1a 207.

Do chu ky 207 Iudn 13p lai nén dé tim chir s6 thir 2014 sau dau phdy ta chi can tim
du khi chia 2014 cho s0 chir s6 cua chu ky 1a 3. Tinh toén ta c6 2014 chia 3 du 1 nén
chir so can tim 1a 2.
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Khai thac bai todn. Huéng khai thac thir nhat 1a phép chia c¢6 chu ky khong
lien sau dau phay va sb chir s6 cua chu ky c6 thé 16n. Vi du %:O 1(243),

5854%—0 15(2601). Khi d6, quy trinh giai 1a twong tu nhu trén, tuy nhién ¢ budc

cudi cung khi di chiéu sb du cta vi tri k cho trong dé bai véi chit s6 tuong (ng cua

chu ky thi ta can danh s6 thr tu bén trén cac chir so thap phan cua chu ky dé tim ra

quy luat. Céch nay ap dung hi¢u qua va tranh nham lan cho truong hop phép chia

c6 phan khong tudn hoan gdm nhiéu chit sb. Chang han, tim chir s6 thap phan thi
8477

2014 trong phép chia 8477 cho 55550 ta lam nhu sau: EeEg =0,15(2601) c6 chu ky
14 2601 gém 4 chit s, 2014 chia 4 du 2. Bé két luan chit s6 can tim, ta danh so thi

tu (theo modun 4) nhu sau
Sodu | 1 2 3 0 1 2 3 0 1

Chirso | 1 5 2 6 0 1 2 6 0
Ta thiy s6 du 3, 0, 1, 2 twong (ng Véi két qua cua chu ky 1a 2, 6, 0, 1. Vay két qua
can tim 1a chir s6 1.
Hudng khai thac thir hai 1a két hop giita bai toan tim chu ky ciia phép chia co
chu ky kha 16n va bai toan dong du s hoc khé. Chang han, tim chir s6 thap phan thi

2014** trong phép chia % Luu y rang 16 chia 49 c6 chu ky gom 42 chir so 1a

326530612244897959183673469387755102040816. Cach giai chi tiét s& khong
duoc trinh bay & day.

2.4. Tim so tw nhién thoa diéu kién cho truoc
Bai toan. Tim tat ca céac so ty nhién c6 hai chir s6 ag thdéa man di€u kién

Yy -
ag =axxxx*x(,trong do *****lanamchu:Sotuyy

Huéng dan gidi. Theo yéu cau ta can thir tit ca cac s c6 2 chit s6 tir 10 dén 99.
) / ‘ N —4 /
bé han ché cac sO can thir, ta c6 nhan xét: ag c¢6 7 chir sO nén

10° < ag4 <9999999, do d6 32<ag <56. Ta co thé dung giai thuét 1ap trinh sau
day dé raut ngin thoi gian tim két qua: Luu 31 vao bién dém X (thao tac 31 SHIFT
STO X), nhap biéu thitc X = X +1: X* vao man hinh (thao tic ALPHA X ALPHA
= ALPHA X + 1 ALPHA : ALPHA X * 4, nhap diu “=" va “:” titr phim mau do), an
CALC EJE3 ... va quan sat néu thiy gié tri cia x* thoa dleu kién d¢ bai thi ghi gia
tri cia X. Khi X >56 thi két thac giai thuat. Trong qua trinh thuc hi¢n giai thuat ta
thiy 45* = 4100625 va 46* = 4477456. Do viy cac sb tu nhién can tim 14 45 va 46.

Khai théac bdi todn. Py 13 dang toan dung lap trinh c6 bién dém dé thir nhanh
két qua (bién dém dugc gio1 han dya vao diéu kién cho trudc) dbng thoi két hop
quan sat nhan dang nhimng két qua nao théa man yéu cau dé bai dé ghi nhan lai. Sau
day 1a mot sd bai toan co thé giai bang giai thuit twong ty nhu trén:

- Tim tit ca cac s tu nhién c6 10 chit s6 aa,..a, biét aa,..a, = a8a105 :
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- Tim tat ca cac s6 chinh phuong c6 ba chir s6 biét chit s6 & vi tri thir nhat va
chit s6 & vi tri thtr ba 13 giéng nhau.

- Tim s6 ti nhién n bé nhat biét n3 c6 bdn chir sé tan cung 13 3333 (hudng dan:
tim 1an luot chit s6 & hang don vi, chuc, trim, nghin caa n).

3. Kétluan
Bai viét d3 néu ra mot s6 hudng khai thac méi cho mot sé dang toan sb hoc c6
quy ludt trong giai toan may tinh cdm tay thudc chwong trinh phé thong. Cac két qua
nay co vai trd quan trong trong vi¢c rén tu duy sang tao va ren ki nang giai toan
nhanh, hiéu qua cho hoc sinh. Hudng phat trién cua van dé nghién ctru 1a tim hleu
khai thac céc bai toan c6 quy luat thuoc ndi dung hinh hoc, ham sd, da thirc, diy sb,
.. Két qua cua bai viét con 1a mot hudng khai thac cho gido vién, hoc sinh trong
viéc on tap trong cac ky thi may tinh cam tay duoc t6 chizc hang nim.
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