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Tém tat. Trong bai viét nay, ching toi thiét lap va ching minh dinh li diém
bat dong la md rong ciia dinh li tua co kiéu Suzuki trén khong gian métric bing viec
thém bon gid tri mdi vao diéu kién co.

1 MéG dau

V6i nhiéu dinh li diém bat dong trén khong gian métric, chiing ta thiy ring diéu
kien co thuong chita t6i da nam gia trila d(x,y),d(Tz, x), d(Ty,y), d(y, Tx), d(z, Ty).
Gan day, P. Kumam va cong sy [3] da bo sung them bén gia tri méi d(T%x, x), d(T?x, Tx),
d(T?x,y),d(T?x, Ty) vao diéu kién co va chitng minh dinh 1i diém bat dong déi véi
diéu kién co méi nay.

Bang cach tuong ti, chiing toi dat van dé md rong nhitng két qua trong bai bao
[4] dbi v6i khong gian métric bang viec them bon gia tri méi d(x, T%x), d(Tz, T?z),
d(y, T?z),d(Ty, T?z) vao diéu kién co.

Chung toi gidi thieu mot s6 khai niém st dung trong bai viét nay.
1.1 Dinh nghia ([2], Dinh nghia 1.1). Gia st X la mot tap khac rong cho trude.
Ta goi ham s6 d : X x X — R 1a mot métric (hay khodng cdch) tréen X néu ham
s6 nay théa man cac diéu kién sau.

(1) d(z,y) >0, v6i moi z,y € X, d(x,y) = 0 khi va chi khi x = y,
(2) d(z,y) = d(y,z) v6i moi z,y € X,

(3) d(z,z) <d(x,y) + d(y, z) v6i moi x,y,z € X.

Khi d6, (X, d) dugce goi la mot khong gian métric.

1.2 Dinh nghia ([2], Dinh nghia 1.5.1). Cho (X, d) 1a mot khong gian métric va
{z,} 1a mot day trong X. Khi d6 day {x,} dugc goi la hoi tu dén x € X, viét 1a

lim x, = x, néu lim d(x,,z) = 0.
n—oo n—oo

1.3 Tinh chat ([2], Tinh chat 1.5.2). Cho (X,d) l1a mot khong gian métric. Néu
day {z,} hoi tu thi gi6i han d6 la duy nhat.

Chitng minh. Gia st day {x,} hoi tu vé x va y trong X. Khi d6 v6i moi n ta c6
d(z,y) < d(x,z,) + d(zp, ).
Cho n — oo ta duge d(z,y) = 0 hay x = y. O]

1.4 Dinh nghia ([2], Dinh nghia 4.1.1). Cho (X, d) la mot khong gian métric va
{z,} la mot day trong X. Khi dé

11



HOI NGHI NCKH KHOA SP TOAN-TIN THANG 05/2015

(1) Day {z,} dugc goi la mot day Cauchy néu lim d(z,,z,) =0.

7,M—00

(2) Khong gian (X,d) duge goi 1a day di néu mdi day Cauchy trong (X, d) 1a mot
day hoi tu.

1.5 Dinh nghia ([4], trang 2). Cho (X, d) la mot khong gian métric. Lay zo € X
vacicanhxaT: X — X, P: X - 2¥ X ={AC X : A#0}). Khido

(1) O(T,zo) ={xp : &y =T xo,n =1,2,...} la mot quy dao cia T : X — X

(2) Mot khong gian X 1a T-qug dao day di néu va chi néu moi day Cauchy trong
quy dao O(T, x) hoi tu trong X;

(3) P(T,z0) ={xp: 1, € Pr,_1,n=1,2 ..} 1a mot quj dao cta P: X — 2.

(4) X duge goi 1a P-qug dao day di néu mdi day Cauchy cia {x, : z, € Px,_1,n =
1,2,...} hoi tu trong X.

2 Két qua chinh

Trong bai viét nay, ta xét cac dicu kién co sau day cho anh xa 7T trén khong gian
métric (X, d) v6i moi z,y € X:
d(x,Tx) +d(y, Ty) < Sld(x, T?x)+ d(Tz, T?z) + d(y, T*v) + d(Ty, T?x)]
—|—a5d($, y) (21)
1
v6i 5 € [0,5),% € (1—46,2— 46),

d(x,Tx) +d(y, Ty) < eld(Tz, T?x) +d(y, T*x) + d(Ty, T*x)]
+b.[d(z, Ty) + d(y, Tx) + d(x,y)] (2.2)

. 1 1 2—2¢
leae[(),z),bse(é, 5 ),
d(x,Tz) +d(y, Ty) + d(Tx, Ty) < afd(x, T*v) +d(Tz, T?z)
+d(y, T?x) + d(Ty, T%x)]
tCa [d(ﬂj‘, Ty) + d(y7 TQ?)] (23)

1 —4
Véia€[0,§>,0a6<l—a,3 a))

d(z,Ty) + d(y, Tx)

A(Te,Ty) < kmax {d(e,y),d(z, Te).d(y, Ty),

2 M
d(y, T%), d(Ty, Tx) } (2.4)
véi k€ (0,1).
Ta dat
1—60 1—-b.—¢ 2—cy,—« 1
i . 25
" mln{2(5+a5’ 3b€+25’20a+2a—1’k+1} (2:5)

Khido 0 <n < 1.
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2.1 Dinh li. Cho T : X — X la mot anh za trén khong gian métric (X,d) va X la
T-quij dao day di. Gid si ton tai xg € X sao cho vdi méi hai phan tix,y € O(T, zo),

nd(z,Tx) < d(z,y) (2.6)

kéo theo mot trong cic diéu kién (2.1), (2.2), (2.3), (2.4) la ding. Khi dé, day {T"xo}

hoi tu trong X va z = lim T"x la diém bat dong cia T.
n—oo

Ching minh. Ta c6 nd(xy, Tni1) < d(Tn, Tpy1). Suy ra mot trong cac diéu kién (2.1),
(2.2), (2.3), (2.4) 1a ding.
bat d,, = d(zp, xps1), V61 x, = T"xg,n € N. Trong (2.1), thay = béi x,, va y béi
Tna1, ta duge
d(2p, Txy) + d(@pi1, TTns1) < O[d(x,, T?zy,) + d(Txy, T?2,) + d(2pgq, T2,,)
+d(Txpir, T1,)] + add(2p, Tpyr).

Suy ra
d(l‘nv xn+1) + d(xn+17 xn+2) S 6[d<xn7 xn+2) + d(xn+17 $n+2) + d(xn+17 xn+2>
+d(Tpi9, Tni2)| + add(Tn, Tpi1)
= dd(xn, Tnie) + 2d(Tpi1, Tnyo)] + add(xy, Tpi1)
S 6[d<xn7 anrl) + d(xn+17 xn+2)

+2d(zpi1, Tng2)] + add(zn, Tpir)
= (5 + aé)d(xru xn—i—l) + 35d(‘rn+17 xn+2)‘

Thc la
dn + dn+1 < (5 + aé)dn + 35dn-&-1-
Suy ra
as+0—1
d ——d,. 2.
n+l X 1 — 35 n ( 7)

Trong (2.2), thay = b6i z,, va y béi 2,41, ta duge

d(xp, Txy) + d(@pi1, Txpe1) < eld(Txy, ngvn) + d(Tpy1, T2xn) + d(Txps, szn)]
+be [d(xm Txn-i—l) + d<xn+1; TIn) + d<mm xn—i—l)]‘

Suy ra
d([En, xn—l—l) + d(l‘n—l—lv xn+2) S 5[d(l’n+1, xn+2) + d($n+17 xn+2) + d(xn—f—% xn—f—Q)]
+0.[d(Tn, Try2) + d(Tni1, Tng1) + d(Tn, Tpg)]
= 2ed(Tni1, Tny2) + be[d(Tn, Tnta) + d(Tn, Tny1)]
S be [d(xn7 xn—&-l) + d(xn-i-lu In+2) + d(l’n, xn—i—l)]

+2ed(Tpi1, Tnt2)
ngd(fl?n, xn—&-l) + (ba + ZE)d(xn+17 xn+2)'

Tice 1a
dp +dpy1 < 2body + (be + 26)dpg.
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Suy ra
2b. — 1
dpp) < —————d, 2.
TS e —2e (28)
Trong (2.3), thay = béi z,, va y b6i z,,41, ta duge
d(xy, Txy) + d(xps1, Txper) + d(Txy, Tepgq)
< ald(z,, T?r,) + d(Tx,, T?2,) + d(zpg1, T?20) + d(T20yr, T?2,)]
+eald(Tn, TTni1) + d(@pi1, Tan)].
Suy ra
(T, Try1) + (i1, Tnga) + d(Tngr, Tnga)
= Oé[d(:L‘n, ZL‘n+2) + d($n+1, mn+2) + d($n+1, xn+2) + d(xn+27 xn+2)]
+eald(Tn, Tni2) + d(Tny1, Tnga)]-
Suy ra
d(fEn, In—l—l) + Zd(xn—l—h xn—l—Q)
= QOéd(ZL’n_H, xn+2) + (a + Ca)d(xm xn—l—?)
< (Oé + Ca)[d(xnv 'rnJrl) + d(xn+17 xn+2)] + 20&d($n+17 xn+2)
= (a+ ca)d(Tn, Tni1) + (B + co)d(Tni1; Tnia).
Tuce 1a
dp+2dpyy < (a4 co)dn + (Ba+ cy)dpi-
Suy ra
Cat+a—1
dpy1 < ——d, 2.9
=9 Co — 30 (29)

Tiép theo, trong (2.4), thay = bdi z,, va y bdi z,,,1, ta duge

d(Txy, Trpy) < kmax{d(xn,a:n+1),d(xn,T:En),d(:vnH,Txml),d(xnﬂ,Tan),

d(l’n, Tanrl) + d($n+17 T.flfn)
2

(T, T?2,) }
Suy ra

d<xn+1; xn+2) S k max {d<xn> anrl)u d(xn) xn+1)7 d<xn+1> xn+2)7 d(xn+17 xn+2)7

d(xna xn+2) + d(xn+17 xn—l—l)

) d(anrZJ $n+2)}

2
d(xy, T,
= k max {d<xna anrl)a d(xn+17 $n+2)7 W}
d ny n d n ) n
< k:rnax{d(:vn,a:n+1),d(xn+1,$n+2), (Tns Tny1) +2 (Tny1, 2 +2)}
= kmax{d(zn, Tni1), d(Tpni1, Tnio)}-
Suy ra
dn+1 < kd,. (2.10)

14



HOI NGHI NCKH KHOA SP TOAN-TIN THANG 05/2015

Tir (2.7), (2.8),(2.9) va (2.10), ta dugc

dpi1 < Ad, (2.11)
v6i
as+0—1 2b.—1 Co+a—1
A = max : ; ik
1—-30 "1—5b.—2" 2—c¢,— 3«
Suy ra
dp < My < Ndp 9 < ... < \'dy (2.12)
vGi moi n € N.
Ta co
d(xn7 xn—&—p) S d(l’n, mn-i—l) + d(‘rn—f—h 1771—}—2) + ...

+d(Tpgp-1, Tntp)
- dn + dn+1 + ...+ dn—i—p—l (213)

T (2.12) va (2.13), ta c¢6

d($n7$n+p) < Ando + )\n+1d0 4. _|_)\n+p—1d0
= Ndp(14+ X+ ..
1= M

= )\dol—)\

(2.14)

Trong (2.14) , cho n — oo, va chi ¥ rang A € (0, 1), ta duge d(z,, 2,1,) — 0. Suy ra
{z,} 1a day Cauchy. Tt tinh chat T—quy dao day du clia X, ton tai z = lim z,, € X.

n—00
Gié st v6i moi m € N, va z # z ta ¢6 nd(x,, Tz,) > d(z,,z) v6i moi m > n.
Cho n — o0, ta duge d(z,z) < 0. Suy ra z = z. Diéu nay 1a mau thuan.
Vay ton tai ng € N va v6i moi n > ng va z # z, sao cho

nd(zp,, Tr,) < d(z,, x). (2.15)

Suy ra, mot trong cac diéu kién (2.1), (2.2), (2.3), (2.4) dugc thda man.
Gié st (2.1) théa man. Trong (2.1), thay = béi z,, va y béi z, ta duge

d(x,, Tx,) +d(x, Tx) < §[d(z,, T*v,) + d(Tx,, T?x,) + d(x, T?z,)
+d(Tx, T?x,)] + asd(z, z,).

Suy ra

d(l’n, anrl) + d($a Tl') S (S[d(l’n, xn+2) + d(.’ll'n+1, xn+2) + Cl(ﬂ?, xn+2)
+d(Tx, i) + asd(x, x,). (2.16)

Trong (2.16), cho n — oo. ta duge

d(x,Tr) Sld(z,z) + d(z, Tx)] + asd(x, 2)
Old(z, z) + d(z,x) + d(x, Tx)| + asd(x, z)

(20 + ag)d(x, 2) + 0d(x, Tx)

<
<
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hay

1-9
2(5—}-@5

d(z,Tz) < d(zx, z). (2.17)

Néu lan lugt cac dieu kién (2.2), (2.3), (2.4) la dung thi béng cach chting minh
tuong ti, ta c6 cac két qua tuong ing sau

1—-b.—¢
e < :
SRR d(z,Tx) < d(z,z) (2.18)
2T o T < d(z, 2) (2.19)
20 +2a0—1 7 - ’ '
d(z,Tx) < kmax{d(z, z),d(z,Tx)}. (2.20)
Tu (2.20), ta co
d(z,Tx) < kd(z,Tx) (2.21)
hoac
d(z,Tx) < kd(x, z). (2.22)

Tu (2.22), ta dugc
d(xz,Tz) < d(z,z)+d(z,Tx) < (k+ 1)d(z, 2)

nghia la

1
k—_i_ld(ac, Tx) < d(z,z). (2.23)

Tir (2.17), (2.18), (2.19), (2.21) va (2.23), ta c6
nd(z, Tz) < d(z, ) (2.24)
hofic
d(z,Tx) < kd(z, Tx). (2.25)

Truong hop 1: (2.24) dang. Khi d6, mot trong cac diéu kien (2.1), (2.2), (2.3) va

(2.4) 1a diing.

Khi d6, thay y béi z va = béi x,, trong (2.1), (2.2), (2.3), (2.4), ta duge

d(xy, Ta,) +d(2,Tz) < S[d(z,, T?x,) + d(Tx,, T?x,) + d(2, Tx,) + d(Tz, T?z,)]
+asd(zy, 2), (2.26)

d(x,, Txy) +d(2,Tz) < eld(Tx,, T?x,) + d(z, T?x,) + d(Tz, T?x,)
+b[d(xy,, T2) + d(z, Tx,) + d(x,, 2)], (2.27)

d(x,, Tx,) +d(z,T2) +d(Tx,,Tz) < ald(z,, T?z,) + d(Tz,, T z,)
+d(z, T?x,) + d(Tz2, T?z,))]
+eold(xn, Tz) +d(z, Tx,)], (2.28)
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d(x,, Tz) +d(z,Tx,)
2 )
d(z,T%z,),d(T, szn)}, (2.29)

d(Tz,,Tz) < kmax{d(mn,z),d(mn,Tmn),d(z,Tz),

Trong cac biéu thiic (2.26), (2.27), (2.28), (2.29) cho n — oo, ta dudc

d(z,Tz) < dd(z,Tz)
d(z,Tz) < (e +b.)d(z,T=z)

a -+ cq

d(z,Tz) < d(z,Tz)

d(z,Tz) < kd(z,Tz).

Suy ra d(z,Tz) =0 hay z = Tz.
Truong hop 2: (2.25) ding. Ta sé chiing minh ton tai day con {n;} ctia n sao cho

Nd(xn,, n,41) < d(2n;, 2) (2.30)
That vay, tit (2.11), ta ¢
d(xp, Tpt1) < Ad(Tp_1, %) (2.31)

Gia st ton tai n sao cho nd(x,_1,1,) > d(r,_1,2), va nd(x, x,41) > d(x,, 2).
Khi d6

< nd(Tp-1,2n) + nd(xy, Tni1)
S ’I']d([En_h xn) + n/\d(xn—ly xn)
= 14+ Nd(xp_1,x,). (2.32)
Néwr=BH0— 1oy
1—36
1—-6 as — 20
1+M) < . 2.
N+ < 5o T35 (2.33)
) -2
Xét ham s6 f(£) = ;—22@( € (1—5,2—46).
49

Suy ra f tang trént € (1—0,2—40). Suy ra f(t) < f(2—40). Tacé as € (1—0,2—49).
Suy ra

2-40-25 1-38

Jlas) <J2=40) = o595 = 75

(2.34)

Tir (2.33) va (2.34), ta dugc

n(l+A) <L (2.35)
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2b. — 1 Co +ax—1
1—b.—2"2—¢c, —3a’

Twong tu, véi A € { k’} , ta cling c¢6

n(1+\) < 1. (2.36)
T (2.32),(2.35) va (2.36),ta duge
d(zp_1,2,) < d(Tp-1,Ty). (2.37)

Day la diéu vo li. Nghia la, v6i moi n € N, ta ¢6 nd(z,_1,2,) < d(x,_1,2) hodc
Nd(xp, Tni1) < d(zp, 2).

Diéu nay kéo theo, v6i moi n € N, ta c6 nd(ro,_1,T2,) < d(T2,_1,2) hodc
Nd(Tan, Tont1) < d(Tan, 2).

Khi do6, ton tai day con {n;} cta n sao cho nd(z,,¥n,+1) < d(n,,z), hay
nd(xn,, Tr,;) < d(zy,, 2), véi j € N.
Do d6, tir gia thiét kéo theo cac dieu kién (2.1)— (2.4) théa man véi x = x,,, y = 2
va cho j — o0, ta dugec z = T'z.
Dinh 1i da dugc chiing minh xong. O]

T Dinh Ii 2.1, ta ¢6 hé qua sau.

2.2 Hé qua ([4], Theorem 2.1). Cho T : X — X la mot dnh za trén khong gian
métric (X,d) va X la T-qug dao day di. Gid si ton tai zg € X sao cho vdi moi hai
phan ti z,y € O(T, x),

nd(z,Tx) < d(z,y)

1 1-b 2— 1 .
vdi n = min {—, ) ¢ , }, kéo theo maot trong cac dieu kién sau la ding.
a 3b 2c—1"1+k
d(z,Tx) +d(y, Ty) < ad(z,y) (2.38)

vl 1 < a < 2,

d(z,Tx) +d(y, Ty) < bld(z,Ty)+d(y, Tx)+ d(z,y)] (2.39)
v % <b< ;,
d(z,Tx) +d(y, Ty) + d(Tz,Ty) < cld(z,Ty) +d(y, Tx)] (2.40)

gl < <3
v c< =
2

A(Te,Ty) < kmax{d(z,y),d(z, Te),d(y, Ty),

d(z,Ty) + d(y, Tz) }
2

(2.41)

vdi k€ (0,1).
Khi do, day {T"x¢} hoi tu trong X va z = lim T"xq la diém bat dong ciia T.

n—oo
Chatng minh. He qua 2.2 c6 duge bang cach cho d = e = a = 0 trong Dinh 1{ 2.1 O

Cudi cuing, ching toi xay dung vi du minh hoa cho két qua dat dugc.
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2.3 Vi du. Cho X ={-2,-2,0,1,2} va d xac dinh béi
Onéuz =y
d(ma y) = { 2 néu (]J, y) € {(_27 1)? (_27 2)? (17 _2)7 (27 _2)}7
1 truong hgp con lai.
Khi d6 (X,d) 1a khong gian métric day du. Hon nita, véi anh xa T : X — X xéac
dinh béi T(-2) =T(-1)=T0= -2, T1 = -1, T2 = 0 thi X la T—quy dao day
du. That vay,

T(-2)=T(-1)=T0= -2,
T1=-1,T"1=TT1=T(-1) = —2;
T2=0,T?2=TT2=T0= —2.

Suy ra, v6i moi xg € X, ta c6 T"xryg = —2 v6i moi n > 2. Do d6, moi day Cauchy

trong O(T, z) déu hoi tu.
Mit khac, ta co
d(0,7T0)+d(2,72) = d(0,—2)+d(2,0)
= 14+1=2=2d(0,2)
d(0,70) +d(2,72) = d(0,-2)+d(2,0)=1+1=2

= 20d(0,0) +d(2,~2) + d(0,2)

- %[d(o, T2) + d(2,T0) + d(0, 2)]

d(0,T0) + d(2,T2) + d(T0,T2) = d(1,—1)+ d(2,0) + d(—2,0)

_ 1+1+1:3:g[d(0,0)+d(2,—2)]

_ g[d(o, T2) + d(2, T0)]

d(T0,72) = d(—-2,0)=1

0.2).d(0, -2, d(2.0), L0:0 +2d(2,—2)}

- max{d(, 2),d(0,T0),d(2,T2),
(0

d(0,72) + d(2,T0)
5 }
Chon zg = 2, tasuy ra Tawg =T2 =0, T?2o =TT0 =T(-2) = =2, T"xo = —2 v6i
moi n > 2. Khi d6, v6i moi z € O(T,2) thi z € {2,0,—2}. Chon z =0 € O(T,2) va
y=2¢€ O(T,2). Khi do, tat ci gid thiét ctia [Theorem 2.1 [4]] déu thoa man nhung
cd bon dieu kien co trong [4] khong ding khi z =0 va y = 2.

= max{d

1 31
Mat khéac, trong (2.2) cho € = — va b. = —, ta dugc

5 60’
d(0,T0) +d(2,T2) = d(0,~2) +d(2,0) =2
< % _ %[d(—Q, ) 4 d(2,—-2) + d(0, —2)]
+2é 1d(0,0) + d(2,—2) + d(0,2)]
= %[d(TO, T20) + d(2,7T%0) + d(T2,T°0)]
+%[d(0, T2) + d(2,T0) + d(0,2)].
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1 31 L L N ‘
Véix =0,y =2, = R va b, = 0 thi tat ca gid thiét ctia Dinh 1i (2.1) déu thoa
man. Mat khéac, (2.2) ding va —2 = lim 7™2. Hon ntta, ta c¢6 T(—2) = —2 hay —2

n—oo
la diém bat dong ctia T
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