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Tém tat. Ching toi dua ra bién on dinh mdi cho mot 6p hé phuong trinh sai phan
phi tuyén phu thuoc thoi gian cé cham chiu nhiéu. Mot so vi du duge dua ra nham minh
hoa cho két qud dat duoc.

1 Md dau
1.1 Mot vai ky hiéu va qui uéc

Goi Z, R, C lan lugt 1a vanh cic s6 nguyen, truong cic so thuc va trudng cac sé phiic.
Dit K := {R,C}. Ki hieu Z, , R, lan lugt 13 tap s6 nguyén khong am va tap cac sb thuc
khong am. Vi k € Z.,, ki hieu céc tap hop k == {1,2, ...k} va k, .= {0,1,2, ..., k}. Vi
hai s6 nguyen duong [, ¢, ki hieu K'*9, leq la tap hop cac ma tran ¢6 [ X ¢ va tap hop
cdc ma tran thuc khong am c¢6 [ x q. Véi z = (21, 2g, ..., x,)" € K", A = (a;;) € K9,
ki hieu |z| := (Ja1], |22l, ..., |za]) v& |A] := (Jaij]). Sau day la mot s6 qui ude st dung
trong bai viét nay. Bit dang thifc gitta hai ma tran A = (a;;), B = (b;;) € K7 duge qui
uée nhu sau: A > (<,>>, <) B tuong duong véi a; > (<, >, <)b; véimoii € [,j € q.
Tuong tut d6i véi so sanh hai véctd. Chuan ctia vécto x = (21, o, ..., 7,,)7 € K" dugc xac
dinh béi ||z, := /|z1P + [22]P + ... + |za]P v6i 1 < p < 400, ||2]| 0 := I?G%lx|mi|. Chuan

clia ma tran A = (a;;) € K™ dugc hiéu la chuan toén tit va duge xéc dinh béi [|A|| :=

ax Hﬁg‘”‘” = |FnHax | Az||. Ta c6 tinh chat quan trong sau day: Cho A € K" B € R*",
T z||=1

néu |A| < B thi ||A]| < ||B]|, xem [9]. Véi ma tran A = (a;;) € K™", bdn kinh pho ctia
A dugc xac dinh béi p(A) = max{|A| : A € C,det(\],, — A) = 0}.

Sau day 1a mot s6 tinh chat quan trong clia cdc ma tran khong am ducgce sit dung
thuong xuyeén trong bai viét nay.

Dinh 1y 1.1 ([9]). Cho ma tran A € R*". Khi do,

(1) (Dinh lyj Perron-Frobenius) p(A) la mét gida tri riéng cia A va ton tai mot vécto
khong am x € R’ ,x # 0 sao cho Ax = p(A)zx.

(ii) (tI, — A)~' ton tai va khong am khi va chi khit > p(A).
1.2 Giéi thiéu

Ly thuyét 6n dinh ctia cac hé dong luc dudge bat dau vao nam 1984 ké tir khi
nha Toan hoc nguoi Nga Aleksandr Lyapunov (1857-1918) xuét ban nhitng cong trinh
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nghién ctiu tién phong ctia minh [4]. Dén nay, Ly thuyét 6n dinh clia cdc hé dong luc
da c6 nhitng budc phat trien va dat nhiéu thanh tyu vugt bac. Dong hanh véi thanh
tuu do, Ly thuyét on dinh ctia cac hé phuong trinh sai phan phat trién khong ngiing
va ¢6 ting dung trong nhiéu nganh khoa hoc khac nhau nhut Sinh hoc, Kinh té, Vat 1y,
Khoa hoc méy tinh, Diéu khién hoc, ... ([2], [3], [§]).

Bdi tinh tng dung trong nhiéu mo hinh toan hoc, bai todn on dinh ving (robust
stability) ctia cac he chiu nhiéu bat dau duge quan tam nghién citu. Nam 1986, lan dau
tien, ban kinh én dinh thuc va ban kinh 6n dinh phtic ciia cac hée dong luc (diing, tuyén
tinh) khong c6 cham, chiu nhiéu dugc gidi thieu béi Hinrichsen va Pritchard. Dén nay,
cac bai toan lien quan dén ban kinh 6n dinh ciia cac hé dong luc van khong ngimg thu
hit sy quan tam, khai thac khong nhing trong linh vic Ly thuyét én dinh ma con
trong Ly thuyét t6i uu va Diéu khién hoc (xem [1] [8], [9] va céc tai lieu tham khao
trong d6). Thuyc té, bai toan tim ban kinh on dinh ctia mot hé dong luc c6 thé dudc
xem la mot bai toan téi wu toan cuc. Cu thé, xét truong hgp ctia hé roi rac ¢6 cham

w(k+1) =Y Aw(k—1i), k> k. (1.1)

1=0

Gia st He (1.1]) on dinh, khi d6 ban kinh én dinh ctia (1.1)) chiu nhiéu c6 cau tric
A; = A + DiAE; (i € my), duge xac dinh béi

rk = inf { Z 1A = Ay € K9 g(k +1) = Z(A’ + D;AiE;)x(k — i) khong on dinh},
i=0 1=0

trong d6 A; € R™*" D, € R™i E; € RE*™ (i € m,) cho trude va A; € R4 (7 € m,)
la cac ma tran thay doi.

Khi A; € R (i € my) va p(Ag + A1 + ... + A,,) < 1, Hinrichsen va céc cong su
[7, Theorem 4.4] da dua ra ban kinh én dinh phtic r¢ va ban kinh én dinh thyc rg
ctia He chiu nhiéu ¢6 cau trac A; — A; + D;AE; (i € my), v6i D; = D; hoic
E; = E; (Vi,j € m,) la

1
max HEZ([ — AO — Al — .. Am)ilDlH

iEm*

rc =7rgp = (1.2)

D6i v6i 16p hé phu thuoc thoi gian, dic biét 1a hé phi tuyén phu thuoc thoi gian,
ngudi ta khong cé dinh nghia vé ban kinh én dinh theo cach thong thuong nhu trén. Bai
toan on dinh vitng dugc md rong thanh bai toan tim bién 6n dinh (xem Muc 2). Cho
dén nay, day van con la bai toan md can duge khai thac sau va hé théng hon. Trong
bai viét nay, bing cach phat trién phuong phéap tiép can dugce dua ra gan day bdi Ngoc
va Hieu (2012) [5] cho 16p céc phuong trinh sai phan thudng, ching t6i nghién ctu dua
ra bién 6n dinh méi ctia mot 16p hé phuong trinh sai phan phi tuyén phu thuoc thoi
gian c6 cham

w(k+1) = folk,z(k)) + Zf,(k:,x(k —7i(k)), k> ko, (1.3)

chiu nhidu phi tuyén. Chung toi dua ra hai vi du minh hoa cho két qua dat dudc. Trong
truong hop diic biet ctia cac hé tuyén tinh ding, duong (1.1) chiu nhiéu c6 cau tric
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A — A + D;AE; (i € m,), bien 6n dinh méi nay tréd thanh ban kinh 6n dinh duge

xac dinh béi ((1.2)).

2 Két qua chinh

Xét he phuong trinh sai phan phi tuyén c6 cham , trong d6 fi(+, 1) : Zy x R* —
R"™ (i € my) va 7(+) : Zy — Zy (1 € m) la cac ham cho truée théa man f;(k,0) = 0,
Vk € Zy,Yiem,, va0 < 7(k) <7, Vk€Z,Vicm.

Goi T la tap hgp tat ca cac ham ¢ : {—7,—7 +1,...,0} — R™. V6i mdi p € T, ta
dat |l¢|| == max {|l¢(j)| : j € {~7,—7 +1,...,0}}. V&i méi ko € Z; ¢ dinh va mdi
o € T, He (1.3) c6 duy nhat nghiem, ki hieu béi z(-, ko, ), théa diéu kien dau

x(ko+j) =¢(j), je{—7,—7+1,...,0}. (2.1)

Dinh nghia 2.1. Nghiém khong ctia (I.3)) dugc goi la on dinh mi (viét tit 1a ES) néu
v6i ko € Zy cho trude, ton tai n(ke) > 0, M > 0 va 8 € (0;1) sao cho

lell <nko) = llak, ko, )| < MB*™, Yk > ko.

Nghiém khong ctia (1.3)) dugc goi 1 on dinh mi toan cuc (viét tit 1a GES) néu ton
tai M > 0 va 3 € (0;1) sao cho

(K, ko, ©)|| < MBE*0| ||, Wk > ko.

Khi nghiém khong cta (1.3)) 1a ES (tuong tng GES) thi ta cing ndéi (1.3)) 1a ES (tuong
ing GES).

Sau day 1a mot diéu kien di tuong minh cho tinh on dinh mi cta (1.3)).

Meénh dé 2.2. Gid st ton tai cic ma tran A; € RY*™ (1 € my) sao cho

|fi(k,x)| < Ailz|, Vke€Zy,xeR" icm,. (2.2)

Khi do, néu p(>_" o, A;) < 1 thi (1.3) la GES.
Chitng minh. Meénh dé [2.2] duge suy ra tu [6, Theorem 2.3]. O

Nhan xét 2.3. Néu ¢6 j € m, sao cho v6i mdi k € Z,, ham f;(k,-) kha vi lien tuc
trén R™ va ton tai A; € R7™ sao cho

| Jy, (k,z)| < A;, Vk€Zi,zeR", (2.3)
thi ([2.2) thoa man véi chi s6 j. O day, Jy;(k,z) 1a ma tran Jacobi ctia ham f;(k,-) tai

x, voi Jy,(k,x) = (%Lg(k’,x)) € R k€ Z,,x = (v1,29,....,2,)7 € R™ That vay,
theo dinh 1y gia tri trung binh, ta c6

fi(k,x) — f;(k,0) = (/01 Jy, (k,tx)dt)x.
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Do vay, tu (2.3) ta co

| fi(k, )| < ‘(/01 ij(k,tx)dt)x

1
< (/ ]%(k,tx)]dt) lz| < Aj|lz|, Vke€Zy,VeeR"
0

Tiép theo, chiing ta nghién cttu vé tinh én dinh mi ciia hé phuong trinh sai phan c6
cham chiu nhidu. Gia sit céc gid thiét ciia Dinh 1y 2.2 théa man, khi d6 (1.3) 1a GES.

Xét mot kiéu nhidu phi tuyén c6 dang sau
filk, ) = filk,) + gi(k,-), Vk€Zy, i€m,

trong do, f;(-,-) (i € m,) la cac ham duge xac dinh trong (L.3)), g;(-,-) : Zy x R" —
R™ (i € m,) 1a cdc ham nhiéu chua xac dinh, c6 thé thay doi. Khi d6 phuong trinh chiu
nhiéu c6 dang

m

p(k+1) =) (fi(k, x(k — (k) + g; (k, z(k — n(k))), (2.4)
i=0
trong dé6 7o(-) = 0 va 7(+) : Zy — Z (i € m) la cadc ham bi chan.

Gia thiét rang ton tai cdc ma tran D;; € R:L_Xlij,Eij € R A, € ]lexq” (1 €
My, j € N;) sao cho

N;
|gl<k}, JZ)‘ < Z DiinjEij|x|a Vk € Z+, T € Rn,l S My, (25)

j=1
trong d6, N; € Z; (i € m,) va Dy; € R™i By € R4 (i € m,,j € N;) 1a cdc ma
tran hing xac dinh; A;; € R*% (i € m,, j € N;) 1a cdc ma tran thay doi.
Bai toan tim bién on dinh: Tim mot s6 duong 1 sao cho hé chiu nhiéu (2.4) duy tri
tinh GES mot khi do lon cia cdc nhiéu (A;) (i € my,j € N;) bé hon . S6 n duge goi
la bién on dinh ciia (2.4)).

Dinh 1§ sau day cho ching ta mot bién én dinh méi ctia hé chiu nhiéu (12.4).

Dinh ly 2.4. Gid si (2.2), (2.5) duoc théa man va p(>.;", Ai) < 1. Khi dé, hé phuong
trinh chiu nhiéu (2.4) van duy tri tinh GES néu

m N; 1
S5 1Ayl < ' (2.6)
i=0 j—1 max Ers(Iy — 321 Ai) " Dy

T WEM,8E Ny ,tE Ny

Chiing minh. T (2.2)) va (2.5) ta co

N;
j=1
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Dat B = Y " A;. Vi A;, Dyj, E;j (i € my,j € N;) la cac ma tran khong am nén
B+>", Zjv;l D;;A;;Ey; ciing 1a ma tran khong am. Do d6, theo Dinh Iy [2.2|dé chiing
minh 1a GES ta chi can ching minh pg := p(B +>0 Zjv;l DiinjEij) < 1. Gia
stt nguoc lai rang py > 1, ta can chi ra mau thuan.

That vay, theo Dinh 1y (i), ton tai € R,z # 0 sao cho

m N;

i=0 j=1

Tu (2.8)), ta co

DUA Eijx = (pol, — B)z. (2.9)

=0 j=1

Dat Q(t) = (tI, — B),t € R. Vi p(B) < 1 < pg nén Q(po)~" ton tai va khong am,
theo Dinh 1y |1.1| (ii). Nhan hai vé ctia (2.9) tit ben trai véi Q(po) " ta c6

m N;
)_1 Z Z DA Eijx = x. (2.10)

i=0 j=1

Goi igjo 1a chi s6 sao cho ||Ej ;x| = ez HEZ]xH T (2.10)), ta thay ||Ej x| > 0.

0J0

Nhan hai vé ctia ) tit bén trai véi EW0 ta dugc

D> EiioQlpo) ' DijAy By = Eigj. (2.11)

i=0 j=1

Lay chuan hai vé ctia (2.11) ta c6

ZZ 1E:050Q(p0) " Dis | A || Eigel] > (| Eigjox]l-

=0 j=1
Suy ra
-1
e 5 e, 1B Q0) ™ Dol 323 18 Bl 2 Bl
=0 5=
hay

m Ni
max | E.Q(po) " Dudll Y Y 1AG] = 1.

TWEMs,8E Ny, tENy

i=0 j=1
Twu do ta co
m N; 1
Yoo lAyl = S— (2.12)
=0 j=1 r,wem*IfsleaJi’te&HErsQ(pO) Dth

180



HOI NGHI NCKH KHOA SP TOAN-TIN THANG 05/2015

Mat khac ta co
Q)™ = Q(po) ™ = (po — 1)Q(1) ' Q(po)~" > 0.

Do d6 Q(l)_l 2 Q(:OO)_I' Vi Véby, ETSQ(l)_IDwt Z ErsQ(pO)_lDwt7 \V/T,'UJ € %78 €
N,,t € Ny. Do tinh don diéu ctia chuan ctia cac ma tran khong am nén ta cé

—1 > 1
raem B v [ ErsQ(1) ™ Dl = e B 1E,sQ(p0) " Dut |,
hay
1 1
> . (2.13)
—1 — 1
e v 1 ErsQ(p0) ™ Dot | rooem 2% cema 1E,sQ(1)~ D]

Tu 212), [13) ta c6

Al > .
ZZ 1841 2 max | Ers@Q(1) 71Dy

=0 j=1 T WEM,8ENy €Ny

Diéu nay mau thuén véi ([2.6). Do d6 p(B+ Y1 Ejvzl Dy NijEij) < 1, vivay (2.4) 1a
GES. Dinh ly dugc ching minh. O]

M6 rong diéu kien (2.5) ctia cac ham nhiéu g;(+,-) (i € m,) bang cach thay doi mot
s6 s6 hitu han N; thanh vo han. Goi I C m, la tap tat ca cac chi so s khi thay N, béi
+oo. Khi do, (2.5) tré thanh:

p

+oo
|gs(/€,x)| < ZDsjAsjEsj|x|, VkeZ,,x eR" s€e,

j=1

“+o00
I 1A < +oo, sel, (2.14)
j=1

N;
|gz(k:,x)‘ SZDZJAZJEZJ|x’7 Vk€Z+,I€Rn,Z€%\I,
\ j=1
trong d6, D;; € R E;; € R%>*™ (i € m,) la cdc ma tran hing xac dinh; A;; €
RY*% (j € m,) la cac ma tran thay doi.
V6i diéu kien mé rong (2.14), dinh 1y sau day cho ching ta mot bién 6n dinh cia
hé phuong trinh chiu nhiéu (2.4).

Dinh 1y 2.5. Gid st ([2.2)), ([2.14) dugc thoa man va p(d_.~ A;) < 1. Khi do, hé phuong
trinh chiu nhiéu [2.4) van duy tri tinh GES néu

400 N;
DX IAGE+ D > lAyl<

sel j=1 iem,\I Jj=1
1
: (2.15)
sup ETS(In - Z;‘zo Ai)_lDU’t
rwWEM, €Uy, t€Uy

trong do, U; == Zy néui € I va U; := N; néui € m, \ I vdi moii € m,.
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Nhan xét 2.6. Trong truong hop dac biet khi fj(k,z) = Az € R} (i € my) va
gi(k,x) = D;A;Eyz (i € m,), v6i moi k € Z,,x € R, bién 6n dinh dugc xac dinh bdi
vé phai clia va tré thanh ban kinh 6n dinh ctia hé tuyén tinh dimg, duong
chiu nhiéu c6 cau trac A; — A; + D;AE; (i € my), duge xac dinh béi (1.2).

3 Vidu ap dung
Ching toi trinh bay hai vi du ap dung cho mot s6 két qua dat dude trong Muc 2.

Vi du 3.1. Xét phuong trinh sai phan vo huéng

2 2,.2
z(k+1)= ge_k = ®) sin (k) + 2a arctan(z(k))+
k
In(1+———|x(k—7(k))|) +3bx(k —7(k)), keZi, 3.1
trong do6 a, b 1a cac tham s6 thue.
Dat
filk,x) == ge”“%?(k) sinz; fo(k,y) :==1In (1 + L’Z/D
3 R Vit

g1(k,x) := 2a arctanx; go(k,y) :=3by, (k€ Z;,x,y € R).
Khi do ta co

2 1
k < - k < —
£k, 2)| < Slel 1ok )] < ol
(ks )| < 2lallals lga )| = 3ibly]

2 1
véimoi k € Z,,x,y € R. Ngoai ra, §+ ﬁ < 1. Do d6, theo Dinh 1y , phuong trinh
sai phan (3.1)) 1a GES néu

la| + |b] < — (3.2)
B(1—5— )"
Vi du 3.2. Xét hé phuong trinh sai phan c6 cham trong khong gian R?
2
w(k+1) = fo(k,x(k)) + > fi(k,x(k —7(k))), k € Zy, (3.3)

i=1
trong d6, 7(+) : Zy — Z.,i = 1,2, la cdc ham bi chdn va

— 6471 16772 .
fo(kf,l’) = < & ;

112

filk,x) = ( A ); folk, ) :=(

k 1
5l T

O |

lxl
) ’
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trong d6, k € Z,,x := (11, 2o)T € R%
Ta thay ring,

[folk, )] < Aolz], [fi(k,2)] < Aulz], |falk,2)| < Asla],

véi moi k € Z,,x € R?, trong d6

11 1 Ly
A(]l:(g 4),1413:(8 ),A2§:(4 )
0 3 2 6 0 3
11 7+ 19
2 3

22
Tiép theo, xét hé phuong trinh sai phan chiu nhiéu c6 dang sau
x(k+1)= {fo(k, z(k)) + go(k',x(k))} +

2

Z [fz(k‘, x(k —7(k)) + gi(k‘, x(k — T,(k)))} , keZ,, (3.4)

i=1

trong do,

202 202 —kaz?
go(k,z) = ( \/m ) g1k, ) = ( 3dxy + cxed3™ i ) :

e’kzaxl + 2bxo N 0

go(k, ) == ( (f+kk_fg)$1+(6+2f—|—g—|—h)x2 )’
2fxy +2(e +2f)x;

trong d6 a, b, c,d, e, f,qg, h 1a cac tham s6 thue.
Ta thay

[90(k, )| < DoAoEo|z|; [91(k, x)] < DiA Bzl
|92(k, 2)| < (Da1Ag1 Eg1 + Dy Aoy Fo) |,

véi moi k € Z,,x := (r1,72) € R?, trong do6

Dotz(i);ﬁorz(\a! Ib!);Eorz((l) (2));
Dl::((1)>;A1::(\c\ \d!);El::(g(1)>;
D215=<;);A213=(|€| ‘f|);E215=<(1)§)§

1 11
D225—<0);A223—<|9| W);E221—<O 1)-

Ap dung Dinh 1y 2.4 ta c6 BA) 14 GES néu
1

paax (Bl = Ao — Ay = A5) 7' D]

1A + [[Ax]] + [[Agy[| + [| Agell < (3-5)
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tI‘OIlg do € = {E(), El, E21, EQQ}, D .= {DQ, Dl, D21, DQQ}.

Dé ¢6 két qua cu thé hon cta (3.5), ching ta can tinh toan cu thé gia tri cac ma
tran E(l, — Ay — Ay — A3)™'D, v6i E € £,D € D. Phan tinh toan chi tiét sé khong
trinh bay & day. Gia st R? dugc trang bi béi chuan 2. Tit cac két qua tinh toan thu
dugc, ta co

max HE(]Q - AQ - Al — AQ)_1D||2 == H ( Sg ) H == \/9760
2

E€E,DED

Khi d6, tit (3.5) ta c6 (3.4) 1a GES néu

Va? + 02+ VE+ &+ e+ 2+ \/g? + 12 <

1
V9760
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