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Tém tat. Trong bai viét nay, ching toi md rong va ching minh dinh li diém bat dong
clia Berinde cho dnh wa hau co trong khong gian métric (X, d) [3] sang khong gian kiéu-
métric (X, D, K) bang viéc them bon gid tri D(T?z, Tx), D(T?x,y),

D(Tz,Ty), D(T?z,x) + D(T?x, Ty)
2K
du minh hoa cho ket qua dat duoc.

vao dieu kién co. Dong thoi, ching toi zay dung vi

1 Mé dau

Li thuyét diém bat dong trong khong gian métric duge nhiéu tac gid quan tam nghién
cttu trong thoi gian qua. Bang cach thay khong gian métric bdi khong gian métric suy
rong va thay diéu kieén co bing diéu kién co tdng quéat hon, rat nhiéu dinh li diém bat
dong da dugce thiét lap.

V6i nhiéu dinh Ii diém bat dong trén khong gian métric, chiing ta thay ring diéu kien
co thudng chita t6i da nam gia tri la d(z,y), d(Tz, x), d(Ty,y), d(y, Tz),d(x, Ty), xem [1],
[9]. Nam 2014, trong tai ligu [5], P. Kumam va cong sy da bo sung thém bon gia tri mdi
d(T?x,z),d(T?x, Tx),d(T?x,y), d(T*x, Ty) vao diéu kién co va chitng minh dinh 1 diém
bat dong doi vé6i cac gia tri nay.

Nam 2010, Khamsi da giéi thieu vé khong gian kiéu-métric, vé khong gian kiéu-métric
va dinh Ii diém bat dong trong khong gian kiéu-métric, doc giad c6 thé xem [8], [10] va
nhting tai lieu tham khao trong do.

Bing céach tuong tu, ching t6i md rong va ching minh dinh 1i diém bat dong cla
Berinde cho dnh xa hau co trong khong gian métric (X, d) [3] sang kh(;ng gian kiéu;métric
bang viéc them bén gia tri D(T?z, Tx), D(T?z,y), D(T?*z, Ty), D"z, 2) ;_KD(T . Ty)
vao diéu kién co. Dong thai, ching toi xay dung vi du minh hoa cho két qua dat dugc.

Dau tién, ching toi xin trinh bay dinh nghia khong gian kiéu-métric.

1.1 Dinh nghia ([7], Definition 2.7). Cho X la mot tap khacrong, K > 1vaD : Xx X —
[0,00) 14 mot ham théa man cac dicu kien sau v6i moi z, 21, ..., 2,,y € X.

1. D(z,y) = 0 khi va chi khi z = y.
2. D(z,y) = D(y,x).
3. D(l’,y) SK[D<x7zl)+D(Zlsz)++D(Zn7y)}

Khi d6, D dugc goi 1a mot kicu-métric trén X va (X, D, K) duge goi 1a mot khong gian

kiéu-métric.

1.2 Nhan xét. 1. (X,d) la mot khong gian métric khi va chi khi (X,d, 1) la mot
khong gian kiéu-métric.
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2. Trong bai bao [6], Khamsi v& Hussain da gi6i thiéu mot kiéu-métric khac, trong dé
diéu kien (3) ctia Dinh nghia 1.1 dugc thay béi dicu kién sau v6i moi z,y,z € X

D(z,y) < K[D(z,2) + D(z,y)].
Trong bai viét nay, ching toi xét kidu-métric theo Dinh nghia 1.1.
Khéi niém day hoi tu, day Cauchy, tinh day du ctia khong gian ki¢u-métric duge dinh
nghia nhu sau.

1.3 Dinh nghia ([7], Definition 2.8). Cho (X, D, K) la mot khong gian kiéu-métric va
{z,} 1a mot day trong X. Khi dé6

1. Day {x,} dugc goi 1a hoi tu dén x € X, viét 1a lim x,, = z, néu lim D(z,,z) = 0.

n—oo n—o0

Khi do, x duge goi 1a diém gidi han cta day {x,}.

2. Day {x,} dugc goi 1a mot day Cauchy néu lim D(x,,z,,) = 0.

n,Mm—00
3. Khong gian (X, D, K) dugc goi 1a day dii néu mdi day Cauchy 1a mot day hoi tu.

1.4 Ménh dé ([2], Ménh dé 1.1.7). Cho (X, D, K) la mot khong gian kiu-métric. Néu
diy {x,} hoi tu thi gidi han ciia né la duy nhat.

1.5 Nhan xét ([2], Nhan xét 1.1.5). Trong khong gian ki¢u-métric (X, D, K), topo duge

hiéu & topo cam sinh béi sy hoi tu ciia né. Diéu nay cé nghia la tap G md trong khong gian

ki¢u-métric (X, D, K) khi va chi khi véi méi x € G, moi day {z,} C X ma lim z, =
n—oo

thi ton tai ny sao cho z, € G v6i moi n > ny. Khi d6 kiéu-métric D : X x X — [0, 00)
1a lién tuc tai (z,y) néu va chi néu lim D(z,,y,) = D(z,y) v6i moi day {z,}, {y,} ma
n—oo

lim z, =z, lim y, = y. Suy ra, néu lim z, = z thi lim D(z,,y) = D(z,y).
n—o0 n—o0 n—o0 n—00

2 Két qua chinh

Truée hét, bang cach thay khong gian métric bdi khong gian kiéu-metric va bo sung
thém bon gia tri vao diéu kien co, ching ta c6 két qua sau 1a md rong ciia [3, Theorem 2.2].
2.1 Dinh li. Gid st (X, D, K) la mot khong gian kiéu-métric day diva T : X — X la

mot dnh xa thda man

1. D lien tuc.

. 1
2. Ton tai o € [O,?) va L >0 sao cho vdi moi x,y € X,

D(Tz,Ty) < oM(z,y)+ LD(y, Tx). (2.1)
0] day
D(z,Ty) + D(y, T
2K ’
D(T?z,x) + D(T?x, Ty) }
2K '

M(z,y) = max {D(x, y), D(z,Tx), D(y, Ty),

D(T%z,Tx), D(Tx,y), D(T?x, Ty),
Khi dé:
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1. Fix(T) # 0 vdi Fix(T) = {x € X : Tx = z}.

2. Vi moi xg = v € X, day ldp Picard {x,} duoc cho bdi

Tpy1 =Tx,, n=0,1,2,... (2.2)
hoi tu ve x* € Fix(T).
3. Udc luong sau zdy ra
K %
D(@nri1,2") < 1 L D(@ppirstnt)n=1,2,3,...,i=0,1,2,...  (2.3)
-«

Chitng minh. (1).V6i méi x € X, xét {z,} 1a day lap Picard dugc cho béi z,41 = Ty,
n=0,1,2,... v6i 29 = x. V6in = 1,2,3, ..., bang cach thay z = z,,_, vd y = x,, trong
(2.1), ta 6

D({En, xn—s—l) = D(T:En—la Txn)
aM(x,_1,2,) + LD(x,, Tx, 1)
= amax{D(xn_l,xn),D(xn_l,Txn_l),D(xn,Txn),

D n— 7T n D n7T n—
(Tp—1 x);[—( (xn, Tz 1)’D(T25L'n_1,Txn—1)7

D(T?*x,_1,2,), D(T?*w,_1, Ty,
D(T?x, 1, %p1) + D(T?x, 1, Tx),)
2K
= amax {D(l‘n_l, Tn)y D(Tn-1,%n), D(Tn, Tni1),

D<xn717 xn+1> + D(xna :En)

IN

} 4 LD(2n, Tn 1)

) D(xn—&-ly $n)7 D(xn—&-ly $n)7

2K
D n ) n— D n 9 n
D(Zpy1, Tny1), (@1, 2 1>2—;( (@ni1,@ H)} + LD(x,, x,)
D n—1L n
=  amax {D(xn_l,xn), D(xy, Tpi1), %} (2.4)

T Dinh nghia 1.1.(3), ta c¢6
D<xn71a anrl) S K[D(xnfla xn) + D(.ﬁEn, xn+l)]'
Suy ra

D<xn—1al‘n+1) < D(:En—lyxn) + D(xnaxn—}—l) (2 5)

2K 2

Tir (2.4) va (2.5) ta ¢6

D(xn—la mn—&—l) }

D(xmxn—kl) S amax{D(xn—laxn)aD(xn75En+l)> IK

D(xn—h xn) + D(Q?n, xn—f—l) }
2

{D(.Tn_l, xn)7 D(xn, xn—&—l)?
= amax{D(mn_l,xn),D(xn,xn+1)}. (2.6)

< amax
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Néu ton tai n sao cho max {D(wn_l,xn),D(a:n,an)} = D(Zp, Tpy1) thi tit (2.6) ta

1
c6 D(xp, Tpi1) < aD (T, Tni1). Vi a € [0, E> nén

D(zp, xpe1) = 0. (2.7)
Ngugce lai, véimoin = 1,2, 3, ... ta cé max {D(:pn_l, zy), D(x,, a:n+1)} = D(zp_1,Tn).
Khi do, tir (2.6) ta co
D(zp, py1) < aD(xp_1, ). (2.8)
Tit (2.7) va (2.8) ta ¢6
D(xy, pi1) < aD(xy_1,2,),n=1,2,3,...
Suy ra

D('Tna xn—l—l) aD<xn—17 xn)

OézD(wnfb -Tnfl)

VAN VAN VAR VAN

a"D(xg, x1). (2.9)

. 1
Tt (2.9), bang céach st dung Dinh nghia 1.1.(3) va « € [0, %), v6i moi m > n ta ¢

0<D(pn,zm) < K[D(@n,Tpi1)+ -+ D(Tmo1,Tm)]
< K[a"D(zg,21) + -+ o™ ' D(x0, 21)]
= K(@"+---+a™ Y)D(zy, 1)
- KT D)
< K- D(ag 1), (2.10)
1 -«

Cho m,n — oo trong (2.10) ta ¢c6 lim D (x,,x,) = 0. Vay {x,} la mot day Cauchy.

m,n—00

Vi (X, D, K) day di nén ton tai z* sao cho

lim x, = z” (2.11)
T—00
va do do
lim D(x,,z") = 0. (2.12)
n—00

Khi do, bang cach thay x = z,,y = z* trong (2.1) va st dung Dinh nghia 1.1.(3),
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ta co
D(z*,Tz*) < K[D(z*,Tx,)+ D(Tx,,Tz")]
= KD(z"Tx,) + KlaM(x,, ")+ LD(2*, Tx,)]
= KD(z*,Tx,) +Kamax{D(mn,x*),D(mexn),

D(z,,Tz*) + D(z*, Tx,,)
2K

D(T?z,,z*), D(T?x,, Tx*),
+KLD(z*, Tx,,)
= KD(z",2,41) + Kamax {D(;En, %), D(xp, Tpir),
D(xp, Ta*) + D(x*, xp41)

D(x*, Tx*), ,D(T?z,,, Tx,),
D(Tan, Tn) + D(Tan, Tz*) }

2K

D(LL'*,T.’L'*), 2K 7D(-Tn+27wn+l)a

. o D(Tpi2,2n) + D(2pyo, Tx*
D(xn+2ax )aD(xn—&-??TCE )a ( 2 )2K ( 2 )}
+KLD(z", 2py1). (2.13)

Cho n — oo trong (2.13) va stt dung (2.11), (2.12) va tinh lién tuc ctia D, ta ¢6

D(x*, Ta*) + 0

D(z*,Tz") < KO0+ Kamax {0,0,D(w*,Tx*),

oK
0+ D(a*, Ta
0,0, D(z*, Ta*), S( x>}+KL0

= KaD(z*,Tz"). (2.14)

Vi Ka € [0,1) nén tut (2.14) ta ¢6 D(z*,Tz*) = 0 hay 2* = Ta*. Vay z* € Fix(T) hay
Fix(T) # 0.
(2). T (2.11) ta ¢6 lim z, = x* v6i z* € Fix(T).
n—oo
(3). Tir Dinh nghfa 1.1.(3) va (2.9), véin = 1,2,3,...,i = 0,1,2, ... vam > n+i—1,
ta co

K[D($n+z‘—1, $n+i) + -+ D(ﬁm—h $m)]
Kla'D(xp_q1,2,) + - 4+ a™ " D(x,_1,2,)]

K(a'+ - +a™ ") D(x,_1, 2,)

D(xn—i-i—l, xm)

IA A

a'(l—«a

= K D(xn—lamn)

11—«

K 7
Y D@, @), (2.15)

l—«

<

Cho m — oo trong (2.15), st dung (2.11) va tinh lién tuc ctia D, ta ¢

Ko

Dni—7* S
(Tptio1,27) 1— o

D(xy_1,,).

O

Tiép theo, chiing t6i mé rong [3, Theorem 2.3] sang khong gian kiéu-métric nhu sau.
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2.2 Dinh li. Gid st (X, D, K) la mot khong gian kieu-métric day diva T : X — X la
mot anh xa théa man

1. D lien tuc.

. 1
2. Ton tai o € [O,%) va L >0 sao cho vdi moi x,y € X,

D(Tz,Ty) < aM(z,y) + Lmin{D (x,Tx),D (y,Tx)} . (2.16)
Khi do
1. T ¢6 duy nhat diém bat dong, nghia la Fix(T) = {z*}.
2. Vdi moi vy € X, day lap Picard {z,} dugc cho bdi (2.2) hoi tu vé z*.
3. Udc lugng sau zdy ra

Kot

Dnifu*g
(Tppio1,2%) 1—a

D(zp_1,2%), n=1,2,3,...,i=0,1,2... (2.17)

4. Toc do hoi tu cia day lap Picard dugc cho bdi

D(zp,z*) < aD(zp-1,2"), n=1,2,3... (2.18)

Sau day, chtng toi trinh bay mot s6 hé qua va vi du minh hoa cho nhiing két qua dat
dugc.

2.3 Hé qua. Gid st (X,d) la mot khong gian métric day di va T : X — X la mot dnh
za thoa man

1. Ton tgi o € [0,1) va L > 0 sao cho vdi moi x,y € X,

d(Tz, Ty) < aMy(z,y) + Ld(y, Tx). (2.19)
0 day
M) = max {da,y). (e, Ta), d(y, Ty), T A0T)
d(T%z, Tx),d(T%,y), d(T%z, Ty), (1”2, 2) +2d(T2x’ ) }
Khi do
1. Fix(T) # 0.

2. Véi moi vy € X, day lap Picard {x,} dugc cho bdi (2.2) hoi tu vé z*.

3. Udc luong sau xdy ra

az’

l—«

d(Tpyio1, ") < d(xp_1,2,), n=1,23...,1=0,1,2...
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2.4 Hé qua. Gid st (X, d) la mot khong gian métric day di va T : X — X la mot dnh
za théa man ton tei o € [0,1) va L > 0 sao cho vdi moi x,y € X,

d(Tx,Ty) < aMy(z,y) + Lmin{d (z,Tx),d(y, Tx)}. (2.20)

Khi do

~

. T ¢6 duy nhat diém bat dong.

2. Vdi moi xg € X, day lap Picard {z,,} dugc cho bdi (2.2) hoi tu vé z*.

o

. Udc lwgng sau zdy ra

al

l—«

d(xpi1,2") < d(x,_1,2%), n=1,2,3,...,1=0,1,2,... (2.21)

4. Toc do hoi tu cia day ldp Picard dudc cho bdi

d(zp,2") < ad(xp_q1,2%), n=1,23,... (2.22)

Heé qué 2.3 va He qua 2.4 1an lugt 13 md rong ctia [3, Theorem 2.3] va [3, Theo rem 2.4].
Vi du sau day cho thiay Dinh Ii 2.1 14 md rong ctia He qua 2.3.

2.5 Vi du. Cho X = {0,1,2} véi D xac dinh nhu sau

Onéu z =y
D(z,y) = {4 néu (z,y) € {(1,2),(2,1)}
1 trong truong hgp con lai.

vaT : X — X x4cdinh b6i T0=T1=T2=0. Khi d6

1. (X, D,2) la mot khong gian kidu-métric day du.

2. Cac gia thiét ctia Dinh 1{ (2.1) dugc thda man.

3. (X, D) khong la khong gian métric.
Chitng minh. (1). T cong thiic ctia D ta suy ra diéu kién (1), (2) trong Dinh nghia 1.1
duge théa man. Ta kiém tra diéu kien thit (3).

Néu D(z,y) = 0 thi v6i moi z, z1, . .., 2,,y € X. Khi d6

D(z,y) =0 < [D(x,z1) + D(z1,22) + - - - + D(zn, y).
Néu D(z,y) =1 thi D(z,21) + -+ + D(2,,y) > 1. Khi d6
D(z,y) < D(x,z1) + -+ D(zn,y).

Néu D(x,y) =4 thl D(z,2z1) + -+ + D(z,,y) > 2.Khi d6
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Do d6 diéu kien (3) trong Dinh nghia 1.1 duge thda méan véi K = 2. Do d6 (X, D, 2) la
mot khong gian kiéu-métric.

Tiép theo ta chiing minh (X, D, 2) 1a day du

Giad st {z,} 1a mot day Cauchy, ta ching minh {z,} hoi tu. Vi {z,} la mot day

Cauchy nén lim D(z,,r,) = 0. Do d6, ton tai ny sao cho D(x,,z,,) < 1 v6i moi
m,n—00

m,n > ng. Suy ra D(x,,x,,) = 0 hay x,, = z,, v6i moi n,m > ny. Vay lim z, = x,,. Suy
n—oo
ra (X, D,2) day du.

(2).Trude hét, ta ching minh D lién tuc. Gia st lim x, = z va lim y, = y. Khi d6
n—oo

n—oo
lim D(z,,z) = lim D(y,,y) = 0. Do d6 ton tai ng sao cho D(z,,z) < 1 va D(y,,y) < 1,
n—oo n—oo
v6i moi n > ng. T cong thic cua D suy ra D(x,,z) = D(y,,y) =0 hay x, = x,y, =y
v6i moi n > ng. T d6 suy ra D(z,,y,) = D(z,y) v6i moi n > ng. Do dé lim D(z,,y,) =
n—oo

D(z,y). Vay D liéen tuc.

Mat khéac, D(Tz, Ty) = 0 nén (2.1) duge théa méan.

(3). (X, D) khong la khong gian métric. That vay, véi z = 1,y = 2, ta c6

D(1,2) =4 > D(1,0) + D(0,2) =1+ 1 =2

Do d6 (X, D) khong 1a khong gian métric. O
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